Operator Valued Hardy Spaces 

Tao Mei 

Author address: 

Department of Mathematics, Texas A&M University, College Station, 
TX, 77843, U. S. A. 

Email address: tmei@math.tamu.edu 

Jan. 01, 2004 



1 



Contents 



|Ch 



aptcr 1. Preliminaries 



The non-commutative spaces LP(A4 

^^^^^^^^^^^^^^^^gaced 10 



3~~Operator^hj£T^MOspacea 14 



IChapter 2. The Duality between and BMOl 18 

| l. The boimded map from L"^' (L°° (R) (R) M . L'^.) to BMO.fR..M')l 18 



Th£''dimhtTTh£orcnrof^^ 24 

The atomic decomposition of operator valued TiA 29 



IChapter 3. The Maximal Ineau alitvl 31 



^ 31 



2. The non-commutative Lebesgue differentiation theorem andnon-tangential limit of Poisson integral^ 35 



IChapter 4. The Dualitv between Tt:^ and BMC^. 1< p < 2l 39 
Operator valued BMO'^ fg > 2)1 39 



2. The dualitv theorem of HP and BMO'^fK v < 2)1 46 

3. The equivalence of W and BMO'^fg > 2)1 50 



IChapter 5. Reduction of BMP to dvadic BMOl 55 



l^^BMQJ^J^hjliDterMIcti^^ 55 



2. The equivalence of HPJR.M) and LP(L°°(R) (R) M)(1<v< ooH 56 



|Ch 



jnHM||omjj£x_jn^^ 59 
^^^^^^j^^pol^onT 61 



^^^b^^^m^^Mic^ ~^ 62 

IBibliographvl 66 



2 



CONTENTS 



3 



Abstract 

We give a systematic study on the Hardy spaces of functions with values in 
the non-commutative L^-spaces associated with a scmifinitc von Neumann algebra 
M. This is motivated by the works on matrix valued Harmonic Analysis (operator 
weighted norm inequalities, operator Hilbert transform), and on the other hand, 
by the recent development on the non-commutative martingale inequalities. Our 
non-commutative Hardy spaces are defined by the non-commutative Lusin integral 
function. The main results of this paper include: 

(i) The analogue in our setting of the classical Fefferman duality theorem 
between and BMO. 

(ii) The atomic decomposition of our non-commutative Ti.^. 

(iii) The equivalence between the norms of the non-commutative Hardy spaces 
and of the non-commutative L''-spaccs (1 < p < oo). 

(iv) The non-commutative Hardy-Littlewood maximal inequality. 

(v) A description of BMO as an intersection of two dyadic BMO. 

(vi) The interpolation results on these Hardy spaces. 



'^Key words Hardy space, BMO space, Hardy-Littlewood maximal function, von 
Neumann algebra, non-commutative Lp space, interpolation, Lusin integral. 
2000 MR Subject Classification. 46L52, 32C05. 
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Introduction 

This paper gives a systematic study of matrix valued (and more generally, 
operator valued) Hardy spaces. Our motivations come from two closely related di- 
rections. The first one is matrix valued Harmonic Analysis. It consists in extending 
results from classical Harmonic Analysis to the operator valued setting. We should 
emphasize that such extensions not only are interesting in themselves but also have 
applications to other domains such as prediction theory and rational approxima- 
tion. A central subject in this direction is the study of "operator valued" Hankel 
operators (i.e. Hankel matrices with operator entries). As in the scalar case, this 
is intimately linked to the operator valued weighted norm inequalities, operator 
valued Carleson measures, operator valued Hardy spaces.... A lot of works have 
been done notably by F. Nazarov, S. Treil and A. Volberg; see, for instance, the 
recent works H], |23), |2S], [24|, [28]1. 

The second direction which motivates this paper is the non-commutative mar- 
tingale theory. This theory had been initiated already in the 70's. For example, 
I. Cuculescu ([5]) proved a non-commutative analogue of the classical Doob weak 
type (1,1) maximal inequality. This has immediate applications to the almost sure 
convergence of non-commutative martingales (see also 121, |13| \ The new input 
into the theory is the recent development on the non-commutative martingale in- 
equalities. This has been largely influenced and inspired by the operator space 
theory. Many inequalities in the classical martingale theory have been transferred 
into the non-commutative setting. These include the non-commutative Burkholder- 
Gundy inequalities, the non-commutative Doob inequality, the non-commutative 
Burkholdcr-Rosenthal inequalities and the boundedness of the non-commutative 
martingale transforms (see [2lj, [14], [IS], |30]V 

One common important object in the two directions above is the non-commutative 
analogue of the classical BMO space. Because of the non-commutativity, there are 
now two non-commutative BMO spaces, the column BMO and row BMO. As ex- 
pected, these non-commutative BMO spaces are proved to be the duals of some 
non-commutative spaces. To be more precise and to go into some details, we 
introduce these spaces in the case of matrix valued functions. Let Aid be the alge- 
bra oi dxd matrices with its usual trace tr. Then the column BMO space is defined 

by 

BMOc(R,Md) ^{f.R^Md, Mbmo^ < ^} 

where 

II<^IIbMO, = SUp|||^(-)^|lBMO(i^) «^ l2Ami^ < l}- 

Similarly, the row BMO space is 

BMOAM,Md) ^{cp:R~^Md, II^IIbmo. = II^IIbmo. < °°} ■ 
We will also need the intersection of these BMO spaces, which is 

BMOcr(M,Xd) = BM0c(K,7Wd) n BM0,.(K,7Wd) 

equipped with the norm ||</'||bmo„. ~ niax{||(^||gjy[Q^ , llf/cllBMO, 

}. When d=l, all 

these BMO spaces coincide with the classical BMO space which is well known to 
be the dual of the classical Hardy space H^. This result can be extended to the 
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case of d < oo very easily. Let 

H\R,S}) = \,f:R^Sl,; [ snp\\f{x,y)\\g^dx<c 
I J y>o '' 

where S^is the trace class over l'^, and f{x,y) denotes the Poisson integral of / 
corresponding to the point x + iy. Then 

(i/i(R,5]))* =BMO„.(K,Xd) 

and 

ll'''llBMOer(R,A^d) - 11*^11 (-ffMK.Si))* - ^dW'fiWBMO^^iMMd) ■ 

Here the constant +00 a.s d +00. Thus this duality between H^{M.,S^) and 
BMOcr(R, A^rf) fails for the infinite dimensional case. One of our goals is to find a 
natural predual space of BMOcr with relevant constants independent of d. 

In the case of non-commutative martingales, this natural dual of BMOcr has 
been already introduced by Pisier and Xu in their work on the non-commutative 
Burkholder-Gundy inequality. To define the right space 7Y^, they considered a 
non-commutative analogue of the classical square function for martingales. Mo- 
tivated by their work, we will introduce a new definition of for matrix val- 
ued functions by considering a non-commutative analogue of the classical Lusin 
integral (Recall that, in the classical scalar valued function is in if 

and only if its Lusin integral is in L^, see |31|). For matrix valued function 
/, / € L\{R, jf^),Md), 1 < p < let 



{J J \Vfit + x,y)\^dxdy)^dt, 



where F = {(x, G K : |a;| < y, ?; > 0} and 



Then we define 



< 00 



l,Md) = {./:K^Xd;||.f||«P 
Similarly, set 

nm,Md) = {f:m^Md; \\f\\nm,M.) = \\n\nm,M.) < ^} ■ 

Finally, if 1 < p < 2, we define 

np„{R,Md)^Hm,Md) + nm,Md) 

equipped with the norm 

\\f\\n?jR,M.) = "^f{ll.9ll^^? + ■f = 9 + h,9e nP{R,Md),h e nP{R,Md)}. 

If p > 2, let 

nPr{^,Md)^nm,Md)nnm,Md) 

equipped with the norm 

ll/llw?,(K,A1d) ^ '^^^{ll/ll-H?(R,Xd) ' ll/ll-HP(R,A4d)}- 

One of our main results is the identification of BMOc{R, Md) as the dual of 
Hl{R,Md) ■■ {nliR,Md))* = BM0c(M,7Wd) with equivalent norms, where the rel- 
evant equivalence constants are universal. Similarly, BMOr(K, Aid) (resp. BMOcr(R,Alc 
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is the dual ofHliR, Md){resp. nl^(R, Md))- Another result is the equality HP^iR^Md) 
— LP{L°°{M.) (g) Aid) with equivalent norms for all 1 < p < oo. This is the function 
space analogue of the non-commutative Burkholder-Gundy inequality in j27) . It is 
also closely related to the recent work ( 18 ) by Junge, Le Merdy and Xu on the 
Littlewood-Paley theory for semigroups on non-commutative i^'-spaces. 

We also prove the analogue of the classical Hardy-Littlewood maximal inequal- 
ity. Our approach to this inequality for functions consists in reducing it to the same 
inequality for dyadic martingales. We should emphasize that this approach is new 
even in the scalar case. It is extremely simple. The same idea allows to write BMO 
as an intersection of two dyadic BMO. This latter result plays an important role 
in this paper. It permits to reduce many problems involving BMO (or its variant 
BMO"?, which is the dual of W?' for 1 < p < 2, ^ ^ = 1) to dyadic BMO, that is, 
to BMO of dyadic non-commutative martingales. For instance, this is the case of 
the interpolation problems on our non-commutative Hardy spaces. 

All results mentioned above remain valid for a general semifinite von Neumann 
algebra A4 in place of the matrix algebras. 

We now explain the organization of this paper. Chapter 1 (the next one) con- 
tains preliminaries, definitions and notations used throughout the paper. There we 
define the two non-commutative square functions which arc the non-commutative 
analogues of the Lusin area integral and Littlewood-Paley g-function. These square 
functions allow to define the corresponding non-commutative Hardy spaces 7i??(IR, A4), 
where is a semifinite von Neumann algebra. This chapter also contains the def- 
inition of BMOc(K, Al) and some elementary properties of these spaces. 

The main result of Chapter 2 is the analogue in our setting of the famous 
Fefferman duality theorem between Ti.^ and BMO. As in the classical case, this 
result implies an atomic decomposition for our Hardy spaces Hl{R,M) (as well as 
HriR, M),'Hlr{^, A4)). Another consequence is the characterization of functions in 
BM0c(M,7W) (as well as BMO r {R,M), BMO cr{R,M)) via operator valued Car- 
leson measures. 

The objective of Chapter 3 is the non-commutative Hardy-Littlewood maxi- 
mal inequality. As already mentioned above, our approach to this is to reduce 
this inequality to the corresponding maximal inequality for dyadic martingales. 
To this end, we construct two "separate" increasing filtrations V ={'Dn}nei. ^-nd 
I?'={I?^}„gz of dyadic cr-algebras. One of them is just the usual dyadic filtration 
on R; while the other is a kind of translation of the first. The main point is that any 
interval of R is contained in one atom of some cr-algebra of them with comparable 
size. This approach will be repeatedly used in the subsequent chapters. We also 
prove the non-commutative Poisson maximal inequality and the non-commutative 
Lebesgue differentiation theorem. 

In Chapter 4, we define the L^'-space analogues of the BMO spaces introduced in 
Chapter 1, denoted by BMO«(R, Al), BMO^(R, A^), BM0^^(R,7W). These spaces 
are proved to be the duals of the respective Hardy spaces H^(R, Al), 7^^(R, A^), 
7Ygr(R, M) iov 1 < p < 2 {q = The proof of this duality is also valid for p = 1. 

In that case, we recover the duality theorem in Chapter 2. However, for 1 < p < 2, 
we need, in addition, the non-commutative maximal inequality from Chapter 3. 
This is one of the two reasons why we have decided to present these two duality 
theorems separately. Another is that the reader may be more familiar with the 
duality between and BMO and those only interested in this duality can skip the 
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case 1 < p < 2. It is also proved in this chapter that BMO^(M, 7W) W^ {R,M) with 
equivalent norms for all 2 < (7 < oo. The third result of Chapter 4 is the following: 
Regarded as a subspace of LP{L°°(R.) (g> M,Ll(r)),nPiR,M) is complemented 
in LP(L°°(K) (g) M,Ll(r)) for aU 1 < p < 00. This result is the function space 
analogue of the non-commutative Stein inequality in |27| . This chapter is largely 
inspired by the recent work of M. Junge and Q. Xu, where the above results for 
non-commutative martingales have been obtained. 

In Chapter 5, we further exploit the reduction idea introduced in Chapter 3, in 
order to describe BM0«(K,7W) as BMO«'^(IR, A^)n BMO^'^' {R,M). These two 
latter BMO spaces are those of dyadic non-commutative martingales. Among the 
consequences given in this chapter, we mention the equivalence of LP{L°°{M.) ^A4) 
and nP^{R, M) for all 1< p < 00. 

Chapter 6 deals with the interpolation for our Hardy spaces. As expected, 
these spaces behave very well with respect to the complex and real interpolations. 
This chapter also contains a result on Fourier multipliers. 

We close this introduction by mentioning that throughout the paper the letter 
c will denote an absolute positive constant, which may vary from lines to lines, and 
Cp a positive constant depending only on p. 



CHAPTER 1 



Preliminaries 

1. The non-commutative spaces LP{A4, L'^(n)) 

Let M he a von Neumann algebra equipped with a normal semifinite faithful 
trace r. Let Sj^ be the set of all positive xin Ai such that r(supp x) < oo, where 
supp X denotes the support of x, that is, the least projection e (z A4 such that 
ex = X (or xe = x). Let Sm be the linear span of . We define 

where |x| = {x*x)^ . One can check that is well-defined and is a norm on Sm if 
1 < p < oo. The completion of {Sm, II 'Hp) is denoted by LP{A4) which is the usual 
non-commutative space associated with {A4, r). For convenience, we usually set 
L°°{A4) = A4 equipped with the operator norm ||-||_^ . The elements in LP{A4, t) 
can also be viewed as closed densely defined operators on H {H being the Hilbert 
space on which M acts). We refer to |4j for more information on non-commutative 
LP spaces. 

Let (ri,/^) be a measurable space. We say his a S'Tn-valued simple function on 
(fi, ^) if it can be written as 

n 

(1-1) h = ^mi-XAi 

i=l 

where e Sm and Ai's are measurable disjoint subsets of 11 with fJ.{Ai) < oo. For 
such a function h we define 

and 

II'^IIlp(A^,L2(J2)) — 

This gives two norms on the family of all such h's. To see that, denoting by 
B{L'^{n)) the space of all bounded operators on L^{il) with its usual trace tr,we 
consider the von Neumann algebra tensor product Ai^B{L'^{n)) with the product 
trace r tr. Given a set Aq C fl with /i(v4o) = 1, any element of the family of ft-'s 
above can be regarded as an element in (Al <8i B{L^{il))^ via the following map: 

n 

(1.2) /iK^r(/i) = ^m,0(XA. f^XAo) 

i=l 
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and 

W^W LP {M;Ll{a)) ~ \\'^(^)\\LP{M<SiB{L2{n))) 

Therefore, ||' |li;,p(_A/(i,2(a)) defines a norm on the family of the /I's. The corresponding 

completion (for 1 < p < oo) is a Banach space, denoted by L^(A^; Then 
LP{M; Ll{fl)) is isometric to the column subspace of LP{M'SiB{L'^{fl))). For p = oo 
we let L°° {M.; L'^{fl)) be the Banach space isometric by the above map T to the 
column subspace of L°°{M (8) B{L'^{Q))). 

Similarly to \\-\\lp(M;L^^{Q))^ IMIif (M;i2(a)) is also a norm on the family of Sm- 
valued simple functions and it defines the Banach space L^(A1; which is 

isometric to the row subspace of LP{M ® B{L'^{Vl))). 

Alternatively, we can fix an orthonormal basis of Lp'iQ). Then any element 
of LP{A4 (8) i?(L^(ri))) can be identified with an infinite matrix with entries in 
LP{M). Accordingly, LP{M;Ll{n)) (resp. LP(A1; L2(S1))) can be identified with 
the subspace of Lp{M. (g) consisting of matrices whose entries are all zero 

except those in the first column (resp. row). 

Proposition 1.1. Let f e Lp{M; Ll{n)),g e L%M; Ll{n)){l < p,q < 
oo), f = ^ + |- Then {g,f) exists as an element in L^{M.) and 

\\{9,f)\\LriM)<\\9\\L 

where { , ) denotes the scalar product in L'^{^)- A similar statement also holds for 
row spaces. 

Proof. This is clear from the discussion above via the matrix representation of 
LP{M; Llifl)) (in an orthonormal basis of L^(fi)). | 

Remark. Note that if / and g are S'y^i -valued simple functions, then 

{9J)= [ 9*fdlJi. 
Jn 

For general / and g as in Proposition 1.1, if one of p and q is finite, one can easily 
prove that {g,f) is the limit in L^{M) of a sequence {{gn,fn))n with S^-valued 
simple functions /„, 5„. Consequently, we can define j^g*fdii as the limit of 
Jo^Qnlndu- If both p and q are infinite, this limit procedure is still valid but only 
in the w*-sense. 

Convention. Throughout this paper whenever we are in the situation of Proposi- 
tion 1.1, we will write {g,f) as the integral J^g*fd^. Notationally, this is clearer. 
Moreover, by the proceding remark this indeed makes sense in many cases. 

Observe that the column and row subspaces of LP{M. (S> B{L'^{Q))) are 1- 
complemented subspaces. Therefore, from the classical duality between Lp{A4 
B(L2(0))) and Li{M B{L'^{n))) (i + i = 1, 1 < p < oo) we deduce that 

{LP{M;Llmy = L'i{M;Ll{n)) 

and 

{LPiM;Ll{n))y =L'i{M;Ll{n)) 
isometrically via the antiduality 

{f,9)^r{{g,f))=T [ g*fdii. 

Jn 
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Moreover, it is well known that (by the same reason), for < 9 < I and 1 < 
Po,Pi,Pe < oo with ^ = + we have isometrically 

(1.3) {LP^'{M;Llm,LP^{M;Llm)^ = L"^ {M; Ll{n)). 

In the following, we are mainly interested in the spaces LP{A4; L'^{n)) (resp. 
LP{M;Ll{n))) with (n,^) ^ f ^ {T.dxdy) x ({1, 2}, cr), where T = {{x,y) e 
R^, < y}, cr{l} = o'{2} = l.( This cone F is a fundamental subject used in the 
classical harmonic analysis, see El) |31| or any book on Hardy spaces). The 
presence of {1, 2} corresponds to our two variables x, y, see below. We then denote 
them by LP(A4,L^(r)) (resp. LP {M , L'^{r))) . For simplicity, we will abbreviate 
them as LP{M,L-^) (resp. LP{M,Lf)) if no confusion can arise. 

2. Operator valued Hardy spaces 

Let 1 < p < oo. For any S'tk -valued simple function / on R, we also use / to 
denote its Poisson integral on the upper half plane R^ = {{x,y)\y > 0}, 



f{x,y)= / Py{x~s)f{s)ds, {x,y)eR'+, 
Jm 

where Py{x) is the Poisson kernel (i.e. Py{x) = ^ x'^+y'^ )• ^o^c that f{x,y) is a 
harmonic function still with values in Sm, and so in A^. Define the7i^(R, Ai) norm 
of /by 

= 11^/(2^ + ^'2/)xr(a;,y)||^,(^<^(R_^,)^^_^2(r)) , 

where V/ is the gradient of the Poisson integral f{x, y) and F is defined as in the 
end of Section 1.1. In this paper, we will always regard V/(a; + t,y)xr{x,y) as 
functions defined on R x F with i G R, {x, y) G F and 

df df 
\/f{x + t, y)(l) = ^{x + t, y), V/(x + t, y)(2) = ^{x + t, y). 



And set 



|V/(x + i, y)\' = \^{x + y)\' + \^[x + t,y)\ 



Define the H^!(R,7W) norm of / by 

ll/llw? = II V/(x + t, y)Xr|lLP(L-(R)®A1,L2) ■ 

Set 7iP(R, A^) (resp. TLP(M.,M)) to be the completion of the space of all Sm- 
valued simple function /'s with finite 7i^(R, Al)(resp. 7iJ?(R, Al)) norm. Equipped 
respectively with the previous norms, H^(R, M) and H*!(R, A^) are Banach spaces. 
Define the non-commutative analogues of the classical Lusin integral by 

(1.4) 5e(/)(t) = {JJ\\/f{x + t,y)\'dxdy)^ 

r 

(1.5) Srifm = {ll\ynx + t,y)\'dxdy)i. 

r 

Note that 

\Vf{x,y)\'^ [ \Vf{x,ym\^da{z). 
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Then, for f eHP{R,M), 

ll/llw? ^ \\^c{.f)\\LP(L°°(W)(»M) 

and the similar equahty holds for H^{R,M). Sc{f) and Sr{f) are the non-commutative 
analogues of the classical Lusin square function. We will need the non-commutative 
analogues of the classical Littlewood-Paley gf-function, which are defined by 

(1-6) = (/ \Vf{t,y)\'ydy)^ 

(1-7) GrifXt) = (/ \vrit,y)\'ydy)i 

We will see, in Chapters 2 and 4, that 

l|Gc(/)|| 

ll^r(/)|| LP(L~(M)0X) 

for all 1 < p < oo. 

Define the Hardy spaces of non-commutative functions / as follows: if 1 < p < 

2, 

(1.8) np,(R,M) = npiR,M)+npiR,M) 

equipped with the norm 

11/11^.^ = inf{||<?||„. + ■■f = 9 + h,g& h G nm,M)} 

and if 2 < p < oo , 

(1.9) nPr{R,M) = np{R,M)r\np{R,M) 

equipped with the norm 

||/||„P^=max{||/||„.,||/||„.}. 



Remark. We have 

In fact, notice that A|/|2 = 2|V/p and f{x,y){\x\+y) 0,\7f{x,y){\x\+yf 
as Ixl -h ?/ ^ 0, for S'^i-valued simple function /'s. By the Green theorem 

||V/(t + x,y)xr||i2(i=o(R)55^_i2) 
= '^rJJ \Vf\^ydxdy 

= rJJ A\f\^ydxdy 

(1-10) = ^_^l/l'rfS=ll/lli2(ioo(M)^^). 

Similarly, ||/||„2 = ||/*||i2(i,oo(K)^^) = II/IIi,2(i,oo(r)^^). 
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Note we have also the following polarized version of (|1.10(1 , 

(1.11) 2 // Vfix,y)Vgix,y)ydxdy^ f /(s)g(s)ds 

J J Jr 

for S'TVf-valued simple function /, g's. 

We will repeatedly use the following consequence of the convexity of the op- 
erator valued function: x i—> \x\'^ (This convexity follows from the convexity of 
X i~> {x*xh,h) = ||a;/j|P for any h). Let / : (f^, /i) ^ Al be a weak-* integrable 
function, we have 

(1.12) \ [ f{t)dfi{t)\^ <^l{A) [ \f{t)\'d^,{t), \fAcn 

J A J A 

In particular, set (i/i(t) — g^{t)dt, 

(1.13) \f f{t)g{t)dt\^ < f \f{t)\^dt f g\t)dt, VAcM 

Ja Ja Ja 

for every measurable function g on R, and 

(1.14) I / f{t)dt\'< [ \f{t)\'g-\t)dt [ g{t)dt, VAcR 

J A J A J A 

for every positive measurable function g on R. 

Let HP{1A) (1 < p < oo) denote the classical Hardy space on R. It is well known 

that 

HP(R) = {/ e LP{R) : Sif) e (R)}, 

where S{f) is the classical Lusin integral function (5'(/) is equal to Sdf) above 
by taking = C). In the following, HP(R) is always equipped with the norm 

II^(/)IIl.(e)- 

Proposition 1.2. Let 1 < _p < oo, / e 7Y^(R, M) and m e L'^{M) (with q the 
index conjugate to p). Then T{mf) G HP{M.) and 

lk(™/)ll//P < \M\l<,(m) ll/llw? ■ 

Proof. Note that 



V{T{mf) * P) = T(m(/ * VP)) = T{m^f), 
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here P is the Poisson kernel (i.e. Py{x) = '^^rr^ 
\\r{mf)rH^ 

iff \TimVfix + t,y))fdxdy)Ut 



By ifrnjl . we have 



< 



sup 

Il9llt2(f.)<l 



gT{mVf{x + t,y))dxdy 



dt 



K llsll 



sup 



<1 



gi^ix + t,y) + g2^ix + t,y)dxdy 



dt 



< 



sup 



llslli 



><1 



IL9{M) 



sup 



< /(// \yf{x + t,y)\^dxdy)^dt 



9i^{x + t,y) + g2^{,x + t, y)dxdy 



ill \g\^dxdy)HjJ \Wf{x + t,y)\'dxdyy- 
r 

2, 



dt 



LP{M) 
P 



dt 



LP(M) 



m 



IP 



Li{M) 



r 

ii/r«r 



Remark. We should emphasize that for two functions g, f defined on F, we always 
set 

g/(z)^5W(l)/(z)(l) + g(z)(2)/(z)(2). 

Then in the above formula |T(TOV/(a; + t,y))\'^ and gT{mW f{x + t,y)) etc. are 
functions defined on F. We will use very often such a product for (Al-valued) 
functions defined on F. 

Remark, (i) / fdt = 0,V/ € Hl{R,M). In fact, if / € Hl{R,M), by Proposition 
1.2 and the classical property of i?^(see |31| . p. 128), we have r(m / fdt) — Q,\/m E 
M. Thus / fdt = 0. 

(ii) The collection of all 5a< -valued simple functions / such that / fdt = is a 
dense subset of 7iP(R, Al)(l < p < oo). Note that 



lim 

N^oo 



N 



X[^NM]{t) 



0, Vm e Sm- 
N-X[-N,N]- Then / = and fN f 



f fdt 



For a simple function /, let f^ ~ f 

npiR,M). 

Remark. See [5] and |3H for the discussions on the classical Lusin integral and 
the Littlewood-Paley (^-function and the fact that a scalar valued function is in 
if and only if its Lusin integral is in L^. We define the non-commutative Hardy 
spaces H^r(R, M) differently for the case 1 < p < 2 and p>2 (respectively by p.8|l 
and (|1.9(l ^ as Pisier and Xu did for non-commutative martingales in |16j . This is 
to get the expected equivalence between Tl^^{R,M) and LP{R,M) for 1 < p < oo 
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(see Chapter 5). And HP{M.,M) or H^(M, 7W) alone could be very far away from 
LP{R,M) forp ^ 2. 



3. Operator valued BMO spaces 

Now, we introduce the non-commutative analogue of BMO spaces. For any 
interval / on R, we will denote its center by C/ and its Lebesgue measure by |/|. Let 
if e L°°(A^,L^(R, j^))- By Proposition 1.1 (and our convention), for every g g 
L^(]R, j^), jT^gfj^ & M. Then the mean value of (p over I fj :— Jjip{s)ds 
exists as an element in M. And the Poisson integral of ip 

V{x,y)= / Py{x - s)if{s)ds 
Jm 

also exists as an element in A4. Set 

(1-15) ll'^llBMOe 

ICR 

where again \(p — (pj\'^ = {(p — (p j)* {ip — ip j) and the supremum runs over all intervals 
/ C M.(see Let H be the Hilbert space on which Ai acts. Obviously, we have 

(1-16) ll'y'llBMO. ^ sup ||<^e||BM02(R.ff) 

where BM02(M, i?) is the usual H-valued BMO space on K. Thus H'llBMOei^ ^ 
norm modulo constant functions. Set BMOc(M, A^) to be the space of all (p £ 
L'^{M,Ll{R, j^)) such that Hv'IIbmOc < BMOr(M, A^) is defined as the space 
of all (p's such that (p* G BMOc(M, A^) with the norm H^'llBMOr — II'^*IIbmOc ' 
define BMOcr(R, Al) as the intersection of these two spaces 

BMOcr(R,X) = BMOc(M,X) nBMOr(M,A^) 

with the norm 

II<^IIbmo.. = max{||(^||Bj^o^ , MbmoJ- 

As usual, the constant functions are considered as zero in these BMO spaces, and 
then these spaces are normed spaces (modulo constants). 

Given an interval /, we denote by 2*^/ the interval {t:\t-Ci\< 2'=-i|/|}. The 
technique used in the proof of the following Proposition is classical (see |31p. 

Proposition 1.3. Let ip e BMOc(M, A^). Then 

II</'IIl-(A1,L2(K,^)) < (^(Mbmoc + Ik/i Wm") 

where h = (-1,1]. Moreover, BMOc(M, Al), BMO,.(M, A^), BMOcr(M, A^) are Ba- 
nach spaces. 



T7T / \V - vA'^d.fJ- 



M . 
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Proof. Let (p G BMOc(M, 7W) and / be an interval. Using (fTT^ . (fTT^ we have 

n-1 



k=0 
n-1 

n-1 



Ms) - V^,+,^)di 



< n 



fc=0 



(1.17) 

By (irnil . ATI . 

l+i2 



A1 



< 2 



M 



2j2^ + 17i/2^7i 

(1.18K c(|||vp,,nU + ||^||^MoJ 
Thus 



22fc 



(it 



1 + <2 ^ 



M 



And then BM0c(K,7\/l) is complete. Consequently, BMOc(M,A^), BMO^(R,A^), 
BMOcr(R, Al) are Banach spaces. | 

It is classical that BMO functions are related with Carleson measures(See 
|19j V The same relation still holds in the present non-commutative setting. We 
say that an A4-valued measure d\ on is a Carleson measure if 

















T(I) 



/ e M interval 



M 



> < oo, 



where, as usual, T{I) = / x (0, |/|]. 

Lemma 1.4. Let (p e BMOc(K,A^). Then dXip = \Vip\'^ydxdy is an M.-valued 
Carleson measure on and N(Xip) < c\\lp\\'^-^q . 

Proof. The proof is very similar to the scalar situation (see |31| . p. 160). For 
any interval / on M, write ip = fi+ f2 + where ipi = (ip — f2j)x2i , — 
{ip - ¥'27)X(2i)<= and ip^ = Lp^j. Set 

= \V<Pi\'^ydxdy,d\^ = \'\/ip2?ydxdy. 
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Thus 

7V(A^)<2(7V(A^J + 7V(A^J). 
We treat N{X^J first. Notice that A\(f^\'^ = 2\V(f^\'^ and ip^{x,y){\x\ + y) 
0, Vi^i{x, y){\x\ + yY ^ as |a;| + y ^ 0. By the Green theorem 



(1.19) 



jj \^^i?ydxdy 



T(I) 



< 



M 



1 

W\ 

1 

2uT 



jj \^Vi\^vdxdy 

R+ 

JR M 
J2I 



M 



< 



IV'IIbmOc 



M 



To estimate iV(A<^J, we note 



I VP, (a; 



< 



1 



^^-^ ^ 4ix-s) 

by l(rT^ and ifTTTI) 



< 



4|J|424fe 



T{I) 



M 



Py{x — s)ip2{s)ds\'^ydxdy 



T(I) 



M 



^ ^//E / |VP,(x-.)P2-d.f:i^ j \^,\^ds 



< 



T(I) ^-^2''+'^ 1/2'' I 
T(I) 



ydxdy 



M 



Therefore N{\^.) < c\\(p\\'^^Q^ ,i = 1,2, and then A^(A^) < c ||(^||B]y[Q^. | 

Remark. We will see later (Corollary 2.6) that the converse to lemma 1.4 is also 
true. 

We will need the following elementary fact to make our later applications of 
Green's theorem rigorous in Chapters 2 and 4. 

Lemma 1.5. Suppose ip e BMOc(K, A^) and suppose I is an interval such that 
if J — 0. Let 3/ he the interval concentric with I having length 3|/|. Then there is 
■0 e BMOc(M,A^) such that ip = ip on I ,^ = on M\3/ and 

IIV'IIbMO. < cllV'llBMOe ■ 

Proof. This is well known for the classical BMO and a proof is outlined in 6 , p. 
269. One can check that the method to construct ip mentioned there works as well 
for BM0e(M,7W). | 

Remark. We have seen that the non-commutative BMOc(K, A4) are well adapted 
to many generalizations of classical results, such as Proposition 1.3 and Lemma 
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1.4, 1.5. We will also prove an analogue of the classical Fefferman duality theorem 
between Ti,^ and BMO in the next chapter. However, unlike the classical case, we 
could not replace the power 2 by p in the definition of the non-commutative BMO 



norm r (|1.15|l l. In fact, supj|-jj 



may not be a norm for 



M 



p ^ 2 in the non-commutative case (Note we do not have \xi + X2\ < l^^il + \x2\ 
in general for xi,X2 € M). See the remark at the end of Chapter 6 for more 
information. 



CHAPTER 2 



The Duality between V} and BMO 



The main result (Theorem 2.4) of this chapter is the analogue in our setting of 
the famous Fefferman duality theorem between and BMO. 

1. The bounded map from L°°(L°°(M) ® X, L^) to BMOc(M,Al) 

As in the classical case, we will embeds H^(M, M.) into a larger space L^{L°°{E.)® 
M.,L1), which requires the following maps ^. 

Definition . We define a map $ from Wp(M, A^) (1 < p < oo) to L'p{L°°{M)® 
M,Ll{T))by 

<^{f){x,y,t)=Vf{x + t,y)xr{x,y) 
and a map ^ for a sufficiently nice h G LP(i°°(M) ® M,Ll{T)) (I < p < oo) by 



(2.1) ^^J{h){s)= h{x,y,t)Qy{x + t- s)dydxdt; Vs G M 

JrJ J 

r 

where, Qy{x) is defined as a function on MxF by 

(2.2) 0^(:,)(l) = ^^, Q^(^)(2) = ^^;V(x,y)Gr. 

Notj3 that $ is simply the natural embedding of ni{^,M) into L3'(L~(R) ® 
M,L1{T)). On the other hand, is well defined for sufficiently nice h, more 
precisely "nice" will mean that h{x,y,t) = '^^^irnifi{t)xAi with rrii G S'x,Aj S 
r, \ Ai\ < oo and with scalar valued simple functions /j. In this case, it is easy to 
check that ^(/i) G Lp{M,LI{R, j^)). 

We will prove that * extends to a bounded map from L°°(L°°{M.)'S)M, (f ) ) to 
BMOc(M, A^) (see Lemma 2.2) and also from LP {L°° (R) M , Ll{f )) to 7i:p(R,7W) 
for all 1 < p < 00 (sec Theorem 4.8). The following proposition, combined with 
Theorem 4.8 in Chapter 4, implies that * is a projection of Lp(L°°(M) (E)M, Ll(r)) 
onto nP{R,M) if we identify W?(R, Al) with a subspace of LP{L°°{R)^M,Ll{f)) 
via 4>. 

Proposition 2.1. For any f G Hp{R,M) {I <p < oo), 

**(/) = / 



Proof. We have 



/-\-oo p p 
J J Hf)Vg{t + x,y)dydxdt 

jj <^{f )Qy{x + t - s)dydxdtg{s)ds. 



r 

H-oo 
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On the other hand, by we have 

/ + 00 /• /• p + oo 

/ / <i>(/)Vg(i + X, y)dydxdt = / fis)gis)ds 

r 

for every 5 good enough. Therefore 

"+00 

<5{f)Qy{x + t - s)dydxdt = /(s) 

almost everywhere. This is = /• I 

We can also prove '^^{ip) — hy showing directly the Poisson integral of 
coincides with that of (/s, namely 

(2.3) / ^^{ip){w)Pv{u-w)dw = I (p{w)Py{u-w)dw, V(w,w)eR+. 
Jr Jm. 

Indeed, using elementary properties of the Poisson kernel, we have 
'^<i>{ip){h)Py{u- h)dh 

(p{s)\7Py{x + t — s)dsVPy{x + t ~ h)dydxdtPv{u — h)dh 



v('S) II i i -:r-Py(x + t — s)—Py(x + t — h)Py(u — h)dtdhdxdyds 
J J JrJr dy dy 
r 

/ ip{s) II I I -^Py{x + t — s)-^Py{x + t — h)Py{u — h)dtdhdxdyds 
Jr J J Jr Jr (^x ox 
r 

ip{s) I II —Py{x — s)—Py{x — h)2ydydxPy{u — Wjdhds 
JrJ J (Jy ay 



+ 



d d 
^(s) I I —Py{x - s)—Py+y{x - u)2ydxdyds 

"^(^^ / '^y-Q:^Pv+2y{u- s)dyds - j if{s) j 2y—Py+2yiu-s)dyds 





oo g2 



^{■'^) / y^^Pv+2y{u~ s)dyd. 



dy 



s 



/ -^Pv+2y{u- s)dy)ds 
Jo oy 

(p{s)Pv{u — s)ds. I 

Lemma 2.2. vji extends to a bounded map from i°°(L°°(M) (i^M,Ll{f)) to 
BMOc(]R, Al) of norm controlled by a universal constant. 

Proof. Let S be the family of all L°°(M) ® A^-valued simple functions h which can 
written as h{x,y,t) ~ YJ^^-^ mJi{t)xAi {x,y) with G Sm, & L°°{E.) n L^(]R) 
and compact Ai d T. (By compact Ai we mean that the two components of Ai 
are compact subsets in F.) Note that S is w*-dense in L°°(L°°(R) (g) M, Ll{r)) (in 
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fact, the unit ball of 5 is w*-dense in the unit ball oi L'^{L°^{R)(g>M, Ll(T))). We 
will first show that 

(2.4) ll*WllBMOe < c||/i||i=o(ioo(R)55^,i2) ,yheS. 

Fixh e S and let ip = ^{h). Then (p e L°°{M,Ll{R, j^)) by Proposition 1.3. 
To estimate the BMOc-norm of ip, we fix an interval / and set h = hi + with 

hi{x,y,t) = h{x,y,t)X:,j{t) 
h2{x,y,t) = h{x,y,t)x^2i)<=i't)- 

Let 



Bi = J J J Qjh2dydxdt 

°° r 

with the notation Qi{x, t) = Ii Qyi^ + t — s)ds. Now 
1-J^\p(.s) - Blinds 



^ T7T / I / 1 1 {Qyix + t- s) - Qj)hdxdydt\'^ds 



I J{2IY 



r 



2 



A + B 



j I y yy Qy{x + t — s)hidxdydt\^ds 



Notice that 



\Qy{x + t-s)-Qifdxdy < c 1 1 {- — r^fdxdy 



(2.5) < c\I\'{t-Ci) 

for every t e (2/)'= and s e /. By ()1.14(l 



(|a; + f-.5| +2/)3 
r 

2/+ \-4 



{Qy{x + t ~ s) — Qi)hdxdy 



2 

2 



< c|/r(t-C/)-* / / h*hdxdy 



and by (|1.14|) again, 

< c|| / {t-Ci)~^dt [ {t-CiY H h*hdxdy\lWt~Ci)-'^dt\\M 

J(2IY J(2IY 



^ 11^ / // h*hdxdydt\\M 
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For the second term we have 

\\B\\m 

- TTtII / I / // Qyi^ + t - s)h-idxdydt\'^ds\\M 
l-'-l Jr JrJJ 

r 

= sup r(|a| f \ f ff Qy{x + t ~ s)hidxdydt\'^ds) 

m T\a\=i Jr jr J J 

— — sup T f \ 1 ff Qy{x + t — s)hi\a\'! dxdydt\^ds 

\I\ T\a\ = l Jr JrJ J 



j—r sup sup (r / /(s) / // Qy{x + t — s)hi\a\'^ dxdydtds) 

U\ r\a\=i 11/11 =1 Jr JrJ J 



— sup sup (t / 1 1 Vf{t + x,y)hi\a\2dxdydty 

I-*! r\a\ = l ||/|li2(i^(K)g,^)=l 



Hence by Cauchy- Schwartz inequaUty and p.lO|l 

\\B\\^ < sup r /" [ [ hlhi\a\dxdydt 

K I r|a|=l JrJ J 

r 

< ^^\\ j^jj Kh^dxdydtWM 
r 

= |7|liy h*hdxdydt\\M 
r 



Thus 

IIV'llBMOe < C|l/l|l^^(^^(jj-|^_^^^2) . 

In particular, by Proposition 1.3, 

Thus we have proved the boundedness of ^ from the w*-dense vector subspace 
S of L°°(L°°(R) ® M^LI(y)) to BM0c(M,7W). Now we extend * to the whole 
i°°(L°°(R) >l,L^(r)). To this end we first extend to a bounded map from 
i°°(i°°(R) ® M,Ll{f)) into i°°(7W,L2(R, j^)). By the discussion above, ^ 
is also bounded from S to L°°(A^ , L^C^; r^))- Let TJq be the subspace of all 
/ e iJi(R) such that (1 + t^)f{t) € L2(r). Let L^{M) ® denote the algebraic 
tensor product of L^{A4) and Hq. Note that 

Li(A^)®i/i C7^^(R, M), L\M)®hI(zL\M,lI{R,^^)) 

and L^(Al) (X) is dense in both of the latter spaces. Moreover, it is easy to see 
that for any h£S and f & L^{M)® 

(•+00 p f r-\-oQ 

h*{x,y,t)Wf{t + x,y)dydxdt = T / ^{h}* {s)f{s)ds. 
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Then it follows that * is continuous from {S, a{S,L\L°°{R) (g) M,Ll(r)))) to 
(L-(A^, ^)), <^(L~(X, Ll{R, L\M) ® Fq')) • 

Now given / e L^(A4) we define **(/): 5 ^ C by 

/ + 00 
^ihn.s)f{s)ds. 
-oo 

Then ^'«(/) is an anti- linear functional on iS continuous with respect to the w*- 
topology; hence 4** (/) extends to a w*-continuous anti-linear functional on (L°° (K)(g) 
M,Ll{f))), i.e. an element in L^{L°°{M.)^JA,Ll{f))), still denoted by **(/). By 
the w*-dcnsity of S in L°°{L°°{M.)iS>M, Ll{T))), this extension is unique. Therefore, 
we have defined a map 

** ■.L\M)®H^-^L^{L°"iR)(^M,Ll{f)). 

The above uniqueness of the extension **(/) for any given / implies that is 
linear. On the other hand, by what we already proved in the previous part, we 
have 

< II/IIz,i(m,z,2(k,-^))II*(/i)IIloo(m,i,2(r__^)) 

Since the unit ball of S is w*-dense in the unit bah of L°°{L°°{R) O M, Ll{f ))), it 
follows that 

: iL\M) ® Hi - Li(i-(M) ® X, i?(f )) 

is bounded and its norm is majorized by c. This, together with the density of 
L^{M) (g) Hq in L^{M,Ll{R, j^)) implies that extends to a unique bounded 

map from L'^{M,Ll{R, jf^)) into L'^{L°°{R) (g) M,Ll{f))), still denoted by 
Consequently, the adjoint of is boimdcd from L°°(i°°(M) (g) A^, L2(f))) 

to L°^{M,Ll{R, Y^)) (noting that this adjoint is taken with respect to the anti- 
dualities). By the very definition of ^f*, we have 

(*,)*|^ = *. 

This shows that is an extension of * from L°°(L°°(M) (g) M,Ll{f)) to 

L°°{M,Ll{R, j^)), which we denote by ^ again. Being an adjoint, ^ is w*- 
continuous. 

It remains to show that the so extended map \1/ really takes values in BMOc(K, M). 
Given a bounded interval 7 C M, the w*-topology of L°°{M, Ll{R, j^)) in- 
duces a topology in L°°{M, Ll{I)) equivalent to the w*-topology in L°°{M, Ll{I)). 
Then by the w*-continuity of \E', we deduce that, for every e > 0,/ C M, / e 
L^{A4, L^{I)), there exists a, h G S such that 

T jj*{^{g){t)-^{g)i)dt 
< tJ r{<i>{h){t)-^{h)i)dt + e 

(2.6) < mm) - '^{h)l\\Loo^M,LUI)) \\f\\LHM,LUI)) + ^ 
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and 

(2-7) ll^llL°=(L°°(B)®A1,L?(f)) - \\9\\L°°(L'^(R)(g)M,mf)) 

Combining 1)2. 6|l . <|2.7|l and p. 4(1 we get 

r{^{g){t)^^{g)i)dt 



< c\I\ ||^|lioo(icx,(R)^_vi^L2(r)) II/IIl1(A1,L2(7)) + £ 



< 



c|-^l(ll.9llLoc(ioo(R)^^j^2(r)) + ^) II/IIli(ai,l2(/)) + ' 



By letting e ^ and taking supremum over all ||/||2;,i(x,°°(r)®ai L2(r)) — ^ ^^"^ 
/ C R, we get *(.g) e BMOc(M, A^) and 



||*(ff)||BMO, < c||.g|li^(i»(R)^^^i2 



Therefore, we have extended to a bounded map from L°°{L°°{M.) (g) A4,L^{T)) 
to BMOc(M, Al), thus completing the proof of the lemma. | 

Remark. We sketch an alternate proof of the fact that ip = '^{h) is in BMOc(IR., 
for h G S. Let H be the Hilbert space on which acts. Recall that Ai* is a 
quotient space of B{H)^ by the preannihilator of M. Denote the quotient map 
by q. For every a,b E H, denote [a (S) b] — q{a (X) 6). Note that T{m*[a (S) b]) = 
T([m*(a(g) 5)]) — {m{b),a) ,Vm € Ai. From H1.16|l and the classical duality between 
BMO(R,i/) and H^(R,H), 



ll'i^llBMOc(K:A1) 



(2.8) 



sup ||'/'e||BMO(R,ff) 



< c sup sup 

eeff,||e||^ = l ||g||ffl(K^„)=l 

= c sup sup 

e&H,\\e\\^ = l ltgit_ffl(i,,„)=l 



+ 00 



(v(e),ff) dt 



+ 00 



(p*[g (g) e]dt 



Let f ~ (g) e] . Noting that 



|V/P = (V5,Vg) [e(^e]^\Vg\^[e(g>e], 

we get 

(2.9) r{S,{f){t)) = {jj \Vg{t + x,ytdxdyY^. 

r 

Thus |l/|l„i(R^^) = lif \\g\\m{s.,H) = land ||e||^ = 1. Therefore 



\<p\\BMOciR,M} ^ c sup 

II/IIhJ(k,ai)=i 



+ 00 



11/11 



sup 



= 1 



+ 00 



^*fdt 

h*{x, y, ty^ f{t + X, y)dydxdt 
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Corollary 2.3. Let f e L^{M,Ll{R,{l + s'^)ds)) with J fds = 0. Then 
fenliR,M) and 

n<c\ 



ml 



\Li{M,L^{m.,{l+s^)ds)) 

Proof. By Lemma 2.2, the assumption that J fds = and Proposition 1.3, we 

have 



I HI 



sup 

||j;,00(j;,00(B)g,jK,I,2)<l 

sup 

lll,0O(j;,oo (]R)|g,jK_j;,2) <1 



1 1 V/(t + X, y)xr| Ui(i~(R)8,>i,L2) 

r 

Jr 

J^^*is)f{s)d. 



< c sup 

llvllBMOe(B,7M)^l 



< c 



sup 



1 1 1 1 1, ~ ( A1 , 1- 2 (K , ^^Jj- ) ) - ^ 



Jr 



r / <p*(s)(l + s2)/(s) 



ds 



l + s2 



< C ||(1 + S )/(s)||^i^_^^^2(R _^)) 

= ^ ll/llLl(A1,Z,2(]R,(l + s2)(i,5)) • I 

Remark. In particular, every S'Tvj-valucd simple function / with J fds is 
in Hg(M, A^). Consequently, by the remark before Proposition 1.3, Hl{R,M) fl 
nP{R,M) is dense in nP{R,M) {p > 1). 

2. The duality theorem of operator valued 'H} and BMO 

Denote by Hloi^^M) (rcsp. HloC^^M)) the family of functions / in Hl{M.,M) 
(rcsp. nl{R,M),nl,.{^,M)) such that / e L^{M, Ll{R,{l+t^)dt)) (resp. L\M, 
L'^{R, (1 + t'^)dt)) . It is easy to see that ^^0(1^, A^) (resp. Hlo{R,M)) is a dense 
subspace of H;i(M,Al) (resp. nl{R,M))). Let 

'HIo{^,M)='HUR,M)+HIo{R, M). 

Then Wj^o(^!-^) is a dense subspace of ^{^^.{R, A4) . Recall that we have proved 
in Chapter 1 that BMOc(M,A^) C L°°(7W, L^(IR, ^)). Thus by Proposition 1.1 

{ifi, f) = ip*fdt exists in L^{M) for all ip € BMOc{R,M) and / e Wjo(]^>-^) 
(see our convention after Proposition 1.1). 

Theorem 2.4. (a) We have {nl{R,M))* = BM0c(IR,7W) with equivalent 
norms. More precisely, every G BMOc(Al) defines a continuous linear functional 
on nl{R,M)by 

/+00 
^*fdt; yfGnU^,M). 
-00 

Conversely, every I S {T-L\{R, M.))* can he given as above by some (p S BMOc(M, A^). 
Moreover, there exists a universal constant c > such that 

c"^ II<pIIbmo, < IK</='ll(Tij)- < cIIvIIbmo, • 
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Thus {nl{R,M))* = BMOc(M, Al) with equivalent norms. 

(h) Similarly, (H^(K,7W))* =BMOr(M,X) with equivalent norms, 
(c) {nl^{^,M))* = BMOcr(K, Al) with equivalent norms. 

Our proof of Theorem 2.4 requires two technical variants of the square functions 
Gc{f) and Sdf). These are operator vahied functions defined as follows: 

/•oo 

(2.11) G,{f)(x,y) = { \Wf{x,s)\hds)K 

(2.12) S,{f){x,y) = { Jl \Wf{t + x,s)\^dtds)^ 

r(o,y) 

where y > 0,r(0, y) = {(i, s) ■ \t\ < s — y, s > y} and / is ^A^-valued simple 
function. Note that Gc{f){x,0) and Sc{f){x,0) are just Gdf) and Sc{f) defined 
in Chapter 1. 

Lemma 2.5. 

Gdf){x,y)<2V2SM)i^,l) ■ 

Proof. It suffices to prove this inequality for a; — 0. Let us denote by Bg the 
ball centered at (0, s) and tangent to the boundary of r(0, |),Vs > y. By the 
harmonicity of V/, we get 

2 

n{s~^y 
By (da), 

|V/(0,5)|2<A f \Wf{x,u)\^dxdu 
Integrating this inequality, we obtain 

/•oc /•oo Q r 

(2.13) / s\VfiO,s)\^ds < — \Vf{x,u)\^dxduds 
Jy Jy '^^ Jbs 

However (x, u) S clearly implies that ^ < s < 4u. Thus, the right hand side of 
(|2.13|l is majorized by 

(.4u 



V/(0, s) = -y- ^/ Vf{x,u)dxdu 



\\7f{x,u)\^ / —dsdxdu < 852(/)(0, |) 

TTS 2 



/r(o 

Therefore G,(/)(0,2;) < 2^25^(7) (0, f )■ I 

Proof of Theorem 2.4. (i) We will first prove 
(2.14) |Z^(/)| <c||^|| 

BMOc II.' 'ml 

when both / and tp have compact support. Once this is done, by Lemma 1.5, 
we can see (|2.14|l holds for any (p E BMOc(M, A^) and any compactly supported 
/ e nlo{R,M). Then rccaU that by Proposition 1.3 

BMOdR,M)cL°°{M,Ll{R,j^)) 

and by Corollary 2.3 

<c\\fh 
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we deduce H2.14|l for all ip G BMOc(M, A^), / e TilQ{R,M) by choosing compactly 
supported /„ e nlo(R,M) / in £i(.M, Lg(R, (1 + Finally, from the 

density of 7i^Q(R,A4) in 'Hl{R,A4), l^p defined in (|2.1U|) extends to a continuous 
functional on nl{R,M). 

Let us now prove H2.14() for compactly supported / G T-CIq{M., A4) and compactly 
supported (p € BMOc(M, A^). By approximation we may assume that r is finite and 
Gc{f){x, y) is invertible in M for every (a;, y) e M+. Recall that A(i^*/) = 2Vi^*V/. 
By the Green theorem and the Cauchy-Schwartz inequality 

IW)I 

= 2|t // Vip*Vfydydx\ 



< 2(t / / GcHf)\Vf\'GcHf)ydydx)HT / / GUf)\Vif\'G-nf)ydydx)-- 



= 2(r JJ G-\mf\^ydydx)HT J J G^im^fydydx)-^ 

ml ml 
= 21* II, 

Note here Gc{f) is the function of two variables defined by H2.11|l . which is differ- 
entiable in the weak-* sense. For I we have 



T 



T 



OO Jo 
^oo /-oo 



dy 



^^G-\f)^^G.{f)-^^)dydx 



-oo ^0 

2r r r-'-^dydx 
J-oo Jo oy 

r+oc 

2t Gc{f){x,0)dx 



— OO 



/ + 00 
Scif){x,0)dx 
-OO 

= ^V2\\f\\ni- 

To estimate II, we create a square net partition in as follows: 

a{ij) = : (^-1)2^ < a; < ,2^ <y< 2^+^}, Vi,j G Z. 

Let Ci.j denote the center of a{i,j). Define 

S,{f){x,y) = 5c(/)(C,J, V(x,z/)ea(*,j), 
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It is easy to check that 

5,(/)(x,2y) < <5,(/)(a:,|), 
dk{x) > 0, VxeM, 

OO 

Sc{f){x,y) = 5]4(x), V2^- < y < 2^+1, 

oc 

(2.15) Sc{f){x,0) = '^fe(^)- 

k— — oo 

Now by Lemma 2.5 and (|2.15fl 

/' + CXD /'OO 

11^ = T / G,(/)(x,2/)|V^pydydx 



OO Jo 



/-t-OO /'OO 
/ 5,(/)(x,^)|V^pyd2/da; 
OO Jo 

/+00 OO „2'=+^ 
V 5c(/)(x,2'=) / |V^|2ydydx 

/-|-oo OO OO p2'''^^ 
E (E^j(^)) / \^v\'ydydx 

/+00 OO p2^+^ 
E / \\7(p\'^ydydx 

'OO „ Jo 



J = -oo 

OO OO ^i2^" ^2^+^ 

|2 



= 2V2r E E / / 

- — ■ — J(i-l)2i Jo 

1 — — OQ 1 — — OO ^ ' 



|V(/:'| ydydx 



1 — — 00 J — — 00 

Hence by Lemma 1.4 



OO OO 



i— — oc J — — OO 

OO (. + 00 

= c||(y3||B]y[o^T E / dj{x)dx 



= c||(^||b]^o^t / S'c(/)(x,0)da; 

J — OO 

= c||(^||b]^oJ|/||^i . 
Combining the preceding estimates on I and II, we get 

Therefore, lip defines a continuous functional on Ti], of norm smaUer than c H'pIIbmo ■ 

(ii) Now suppose I E (7iJ(R, Then by the Hahn-Banach theorem / ex- 

tends to a continuous functional on {L°° (R) (g) A4 , L'^{T)) of the same norm. Thus 

by 
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there exists g G L°°(L°°(M) 'S)M,Ll{T)) such that 

\\9\\loo,Loom^M,Lyf)) = sup 1 1 // g*ix,y,t)g{x,y,t)dydx\\Loo(j^^^M = 

r 

and 

/ + 00 P 
J J g*{x,y,t)yf{t + x,y)dydxdt, V / S HJo(K, TW)- 
°° r 

Let (p = ^{g), where 'J' is the extension given by Lemma 2.2. By that lemma 
V? e BMOc(R,A^) and 



iBMOe < c||5llz,oo(i,oo(R)^^^i2(f)) = C\\l\\. 

Then we must show that 

/ + 00 
-oo 

But this follows from the second part of the proof of Lemma 2.2 in virtue of the 
w*-continuity of Therefore, wc have accomplished the proof of the theorem 
concerning Hl{R,A4) and BMOc(M, Al). Passing to adjoints yields the part on 
nl{R, M) and BMO^. Finally, the duality between M) and BMOcr(K, M) is 

obtained by the classical fact that the dual of a sum is the intersection of the duals. | 

Corollary 2.6. <p e BMOc(M, if and only if dXip = \V(pfydxdy is an 
M.-valued Carleson measure on M^, and c~^N{X(p) < \\ip\\'^MO — cN{X(p). 

Proof. From the first part of the proof of Theorem 2.4, if (p is such that d\^ = 
\Wip\^ydxdy is an Al-valued Carleson measure, then ip defines a continuous linear 
functional = t ^* fdt on H\q{^,M) and 

ll^v'llcHj). < cN^iK) 
Therefore by Theorem 2.4 again there exists a function ip' eBMOc(M, Al) with 
IIv'IIbmOc - ^ cN{\^p) such that 

^*fdt = T / <p'*fdt. 
-oo J — CO 

Thus ip = ip' and ip eBMOc(M, A^) with ||</?||bmOc - cN{X^). The converse had 
been already proved in Lemma 1.4. | 

Corollary 2.7. For f e Hl{M.,M), we have 

C-M|Gc(/)|li<||5c(/)|li<c||Ge(/)||i 

Proof. By Theorem 2.4 and the first part of its proof, we have 



l|5c(/)||i = 11/11^1 <C sup T f^*dt 

ll¥'llBMOe = l 

Therefore 

\\Se{f)h<c\\GAf)h 

The converse is an immediate consequence of Lemma 2.5. 



<c||Ge(/)||f ||5e(/)||f 
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Remark. The technique used in the proof of Lemma 2.5 is classical (see [3 21 ). 
The method to prove Theorem 2.4 is inspired by the analogous one for martingales 
(see Uni, I2ZI)- 

3. The atomic decomposition of operator valued 

As in the classical case, the duality between TCKM^Ai) and BMOc(M, Al) im- 
plies an atomic decomposition of 7iJ(R,A^). The rest of this chapter is devoted 
to this atomic decomposition. We say that a function a e L^(A^, L^(M)) is an 
A^c-atom if 

(i) a is supported in a bounded interval /; 

(ii) J J adt = 0; 

(iii) T{f^\a\'dt)i<\I\-i. 

Let 7i;i'°*(M, A^) be the space of all / which admit a representation of the form 

ieti 

where the a.i's are A^c-atoms and G C are such that J2ieN < °°- equip 
Hi'"-* {R, M) with the following norm 

||/||.^i.at = inf{^ |Ai|;/ = ^ A^aiiOi are A/c-atoms, A^ € C} 
Similarly, we define nl'''\R,M). Then we set 

nlfiR, M) = 7i^'"*(M, M) + ny\m, m). 

Theorem 2.8. nl'°-\R,M) = nl{R,M) with equivalent norms. 

Proof. It is enough to prove (Hj'°*(M, AI))* = BMOc(lR,Al). Now, for any ip e 
BMOc(IR, At) and / e nl'''\R,M) with / = ^i^i as above, by the Cauchy- 
Schwartz inequality we have 

\t U*fdt\ < Y.\\,T f {^~^jXa^dt\ 

< J2\^Mf W^\'dt)i 

< ll'/'llBMOeHl^^l- 

iGN 

Thus BMOc(M, AJ) C {nl'''\R, M))* (a contractive inclusion). To prove the con- 
verse inclusion, we denote by LJ(A1, _L^(/)) the space of functions / G L^{A4, L'^(I)) 
with / fdt = 0. Notice that Ll{M,Ll{I)) e nl'''\%M) for every bounded /. 
Thus, every continuous functional I on H;t'°*(M, Al) induces a continuous func- 
tional on L}^{M. , L1{I)) with norm smaller than ||Z|| (-^1,0*^. . Consequently, we 
can choose a sequence (</5„)n>i satisfying the following conditions: 

l{a) = T J (fi^adt, VA^c- atom a with suppa C {—n, n], 
II^«IIl°=(A^X?((_„^„])) < cV7^||/||(„i.ot). ; 



(/ l^^^ifdty- 



M 
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Let ip{t) = (p,^{t),Vt e {—n,—n + 1] U (n — l,rt],n > 0. We then have ip G 
L°°{M,Ll(R,j^)) and 

l{a) ~ f*(^dt, VA^c- atom a. 
as defined in the remark after Lemma 2.2, by H2.8|l and H2.9|l we 



Considering [g ( 
have 



ll'/'llBMOe 



< c sup sup 

ee-fi",l|e||ff=l llsll„l(K,ff)=l 



tp*[g (X) e]dt 



< 



sup 

Li,ot=i 



l^li 



Corollary 2.9. Hy\R,M) = nliR,M) andnlf{M.,M) = HlA^,M) 
with equivalent norms. 

Remark. The Al-atom considered in this section is a non-commutative ana- 
logue of the classical 2-atom for space. It seems difficult to consider the non- 
commutative analogues of the classical p— atom for p 7^ 2. 

Remark. We only considered the functions defined on M in this chapter. However, 
one can check that all the proofs work well for the functions defined on M". And 
the analogous results can be proved similarly for the functions defined on T" , where 
T is the unit circle. Moreover, the relevant constants are independent of n. 



CHAPTER 3 



The Maximal Inequality 



1. The non-commutative Hardy-Littlewood maximal inequality 



We recall the definition of the non-commutative maximal function introduced 
in |14j with an inspiration from Pisier's non-commutative vector-valued space 
Lp{N,T;loo) (see |26p. Let < p < oo, and let (a„)„gz be a sequence of ele- 
ments in LP{M). Set 



(3.1) 



sup |a„| 

n£Z 



= inf 



=aynb 



\a\\2p \\b\\2p sup||2/„IU 



where the infimum is taken over all a,b G L2p{M.) and all bounded sequences 
iyn)n(^z & M such that a„ = aj/„6. By convention, if (a„)„gz does not have such a 
representation , we define ||sup„g2 as -|-oo. If p > 1 and (a„)nGZ is a sequence 

of positive elements, it is proved by Junge (see |14| . Remark 3.7) that(with q the 
index conjugate to p) 



(3.2) 



sup |a„| 



bneL'i{M),b„>Q, 













Moreover, in this case, there exists a positive element a E L2p{A4) and a sequence of 
positive elements y„ such that a„ = a?;„a and ||sup„£z |a„|||p = ||a||2pSup„ . 
We define similarly Ijsup;)^^^ k(-^)lllp if A is a countable set. If A is uncountable 



we set 
(3.3) 



sup |a(A)| 
aga 



= sup 

p (A„)„e2;eA 



sup |a(A„)| 



Note that sup;^ ax does not make any sense in the non-commutative setting and 
l|suPAeA k('^)lllp is just a notation. Also note that 



(3.4) 



sup |a(A)| 
AeA 



sup||a(A)|l, 
AeA 



To put the preceding definitions in proper perspective, we recall the following iden- 
tities satisfied by the norm of an Zoo(A)-valued function a : M ^ ^oo(A) in the 
classical space LP(M. ^oo(A)) for an arbitrary index set A. 
(a) 



sup |a(A)| 
AeA 



sup 
JcAfinite 



sup |a(A„)| 
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(b) If ||sup;^gA |a('^)lllp < oo, then there exists a e Lf{R) such that |a(A)| < 
a, VA G A and 



sup |a(A)| 
agA 



p 

The main result of this chapter is the non-commutative Hardy-Littlcwood max- 
imal inequality. We will reduce it to the non-commutative Doob maximal inequality 
for martingales already established by M. Junge 9 . To this end, we need to intro- 
duce two increasing filtration of dyadic cr— algebras on M. The key property of these 
cr— algebras is that any interval of R is contained in an atom belonging to one of these 
cr— algebras with a comparable size (see Proposition 3.1 below). This approach is 
also useful for other problems. We will see, for instance, that BMOc(K., can be 
written as the intersection of two dyadic BMO spaces. This approach is extremely 
simple and seems new even in the scalar case (i.e. the classical case), see |20j . 

The two increasing filtrations of dyadic tr— algebras V ={I?„}„gz, V = {2?^}„gz 
that we will need are defined as follows: The first one, T) ={I?n}nez, is simply the 
usual dyadic filtration, that is, I?„ is the cr— algebra generated by the atoms 

= (fc2-",(fc + 1)2^"]; fceZ. 

The definition of V — ^i}nez is a little more complicated. For an even integer 
n, the atoms of are given by 

D'J^^{{k + ^)2-\{k + ^)2-% keZ; 

while for an odd integer n, is generated by the atoms 

It is easy to see that V = {V^^nez is indeed an increasing filtration. 
The following simple observation is the key of our approach. 

Proposition 3.1. For any interval / C M, there exist kj.N € Z such that I C 
and \D^\ < 6|/| or I C Dj^' and \Dpf'\ < 6|J|, the constant N only depends 
on the length of I. 

Proof. To see this, choose N €z Z such that ^—^ — < |/| < ^-j—- Denote 

An = {(fc2-^); k e Z}, A'j, = {((fc + 1)2"^, (fc + ^)2-^); G Z}. 

Note that for any two points a, 6 G An U A^, we have |a — 6| > |2^^ > |/|. Thus 
there is no more than one element oi A^UAj^ in /. Then ID An — (j) or lOApf — (j). 
Therefore, / must be contained in some or Dj^''' . | 
Remark. See I2UI for a generalization of Proposition 3.1. 

Remark. If an A^^-atom defined in Chapter 2 admits its supporting interval as 
(resp. D'j^'') for some k,N £ Z, we call it A^c-2^-atom (resp. Mc-'D' -atom). 
Proposition 3.1 implies that an A^c-atom is either an A^c-I'-atom or an Aic-T^'- 
atom up to a fixed factor. Therefore the atomic Hardy space 7iJ'°*(IR, A^) defined in 
Chapter 2 can be characterized only by A^c-2?-atoms and A^c-f -atoms. A similar 
remark applies to the atomic row Hardy space 7i,^'°*(M, A4). See Chapter 5 for 
more results of this type. 
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The proof of the following Proposition (as well as that of Theorem 3.3) illus- 
trates well our approach to reduce problems on functions to those on martingales. 
Put 



hit) - 



t + /l2 



fix)dx, yh = {hi,h2) e M+xI 



hi + /i2 Jt-hi 

Proposition 3.2. Let (a„)„gz be « positive sequence in LP{L°°{M.) M) and 



(i) Ifl<p< oo, 



(3.5) 



(ii) If I < p < oo, 



(3.6) 



sup |(a„)ft„| 



< C„ 



LP(L°=(R)®A^) 



sup |a„ 

nez, 



LP(L° 



Proof. From Proposition 3.1, Vn e Z, for every i e M, there exist some kt,Nn G Z 
such that {t — /in,i, t + hn.2) is contained in D'^ or -D^* and 

\DNj = \D'^:\<Hhn,i + hn,2)- 

Thus 

(3.7) («„),,„ < 6{E{an\VN^ ) + S(a„|I5;,J), V71 G Z, 

where i?(- |pAr^)(resp. i?(- )) denotes the conditional expectation with respect 
to X>Ar^ (resp. 'D'j^J- Then ig^l) follows from Theorem 0.1 of 1^. By (EH and lESJ, 

sup|(a„),i„| 



sup{^ 



1 

hn,l + hn,2 
1 



t-h„ 

X-\-hn 



< 



hn,l + hn^2 J x~h 

sup{^T j bn{x)an{x)d'. 



sup |a„ 

n6Z 



an(x)dxhn{t)dt : 
bn{t)dtan{x)dx 



E^' 



<1} 



L<!(L=°(R)(8A4) 



<1} 



L9(L°°(R)®A4) 



L9(L=°(R)®A1) 



This is (ESJ. 



The following is our non-commutative Hardy-Littlewood maximal inequality. 
Denote by V{M) the family of all projections of a von Neumann algebra A4. 

Theorem 3.3. (i) Let f e Li(L°°(M) 'g) M) and A > 0. Then there exists 
e^ e 7'(L°°(R) (g> M) such that 



(3.8) sup \\e^fhe^\ 

heR+ xR+ 



< A, 



(l-e^)< 



A 
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(ii) Letl<p<oo and f e LP{L°^{R) M). Then 



(3.9) 



sup \fh\ 
/iGR+ xR+ 



<cp\\fL- 



Moreover, for every positive f e L^(i°°(]R) ® M.), there exists a positive F G 
iP(L°°(R) (g) M) such that fh<F for all h and 



(3.10) 



li^llp<Cp||/|l 



Proof. By decomposing / = /i — /2 + iifs — fi) with positive we can assume / 
positive. To prove (i), for given /, A, (/i„)„gz S M+xR^, let I?7v^,2?^ be as in the 
proof of Proposition 3.2. By the weak type (1,1) inequahty of non-commutative 
martingales in |31 we have VA > 0, 3p/, e'^ e 'P(L°°(K) (g) M) such that 



snv\\e^ E{f\VNjt 



and 



sup 



e^E{f\V'^ )e^ 



A 

< — , r ( 
- 12' 



A 

< — , T( 
12 



(l-e^)<^ 
A 



|(l-e'^)< 



A 



for every / e Li(L°°(R) (g M) and (/i„)„ez e 



Let = A e'-*", then 



(1-e^) < 



Aw2c||/||, 



A 



By Proposition 3.1, we have 

e~Vh„e~^ < &{e^E{f\VNje^ + e'^E{f\V'^Je'^). 

Therefore, 

e^fne^ 



sup 
sup sup 

'A 



< 6 sup e^E{f\V'j 

n 

< A. 

This is To prove (ii), by H3.2|l and l|3.5|l 



+ 6snp\\e^E{f\VNje 



sup|//i„ 



1 



t+h„ 



n,2j t-h„,i 



f{x)dxbn {t)dt 



nez, 



1 



n,2j x-hn,: 



bn{t)dtf{x)dx 



<1} 



L9(L°= (R)ig)A1) 



<1} 



L<J(L°°(R)®A<) 



< sup{r J f{x) ^ a„(a;)da; : ||a„|l 



(R)(»A^) 



< C 



P lU llLP(L°°(R)ig)X) 
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where, we set a„ — — i+zi 2 2^"(^)- This yields H3.9|l . The inequahty 

follows from Theorem 0.2 of |14j because of H3.7|l . | 

Using standard arguments and Theorem 3.3 we can easily obtain the non- 
commutative analogue of the classical non-tangential maximal inequality. Recall, 
as in Chapter 1, we also use / to denote its Poisson integral on the upper half plane. 

Theorem 3.4. (i) Let f e L^{L°°{R)(E)M). ThenWX > 0,3 e P(L°°(R)0 
M), such that 



(3.11) sup \\e^f{x + t,y)t 



(t,y)er 



Il°°(r)®ai 



< A, T( 



(l-e^)<^ 



A 



,VA > 



(it) Let f e LP{L°^{E.) (g) M), 1< p < 00. Then 



(3.12) 



sup \f{x + t,y)\ 



<Cp\\f\l 



Moreover, for every positive f G LP(i°°(R) <S> -M), there exists a positive F G 
LP{L°°{R) (g) M) such that /(• +t,y) <F for all {t, y) eV and 

(3.13) |l^^||,<c, 11/11^. 

Proof. Notice that 



Py{x) 



1 



y 



TT x^ + y^ 



< 



1 



TT 22(^-1)2/ -f- y 
We have, for every positive / and any (t, y) G F, 
f{x + t,y) 

f{s)Py{x + t- s)ds 



< 



\x+t~s\<y 
1 



18 1 f 
(3-14) < -E^^/ 

k=Q ^ 



, 1 °° r 

fis)-ds + -Y^ 

f{s)ds 



1 



ds 



y J \x+t-s\<2*'y 

Considering hu.y = {2''y - t, 2^y -f t) G R+ x R+, we get from And 

by 



sup \f{x + t,y)\ 
(t,y)Gr 



< 



00 



TT ^ 2* 

fc=0 



SUPl/hfc,, 



Decomposing / = /i — /2 + «(/3 — fi) with positive fk^ we get (|3.12() for all / G 
LP(L°°(R) (g) M). We can prove l|TTT|l similarly. | 



2. The non-commutative Lebesgue difTerentiation theorem and 
non-tangential limit of Poisson integrals 

We end this chapter with the non-commutative Lebesgue differentiation theo- 
rem and non-tangential limit of Poisson integrals. These are consequences of Theo- 
rem 3.3 and Theorem 3.4. To this end, we first need to recall the non-commutative 
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version of the almost everywhere convergence. Let {fx)xex be a family of ele- 
ments in LP{Ai,T).We say (/a )Ae a converges to / almost uniformly, abbreviated 
as fx /, if for every £ > 0, there exists € V{A4) such that t(1 — e^) < eand 

lini ||e,(/A-/)|L=0. 

A— ►Ao 

Moreover, we say {fx)xex converges to / bilaterally almost uniformly, abbreviated 
as fx ^'-^ ./, if for every e > 0, there exists S 'P{M.) such that r(l — e^) < e and 

hm 11^=0. 

A— >Ao 

Obviously, fx°^ f implies fx /■ 

Recall that the map a:i-^a:^(l<p<2)is convex on the positive cone of 
M (see |2]). Thus, for / G Lp(L°°(R) 7W) (1 < p < 2), we get 

(3.15) f \f\dt < { f \f\Pdt)-p , VACR, 1^1 = 1. 

J A J A 

Note that for any x,y £ M+, x < y implies < ?/',V0 < g < 1. Using (|3.15|) 
successively, we get the following Lemma. 

Lemma 3.5. For f e Lp{L°^{R) M), 1 < p < oo, 

(3.16) / \f\dt<{( \ffdt)"^, VACR, \A\ = l. 

J A J A 

And recall that for any bounded linear operators a, 6 on a Hilbert space H, a 
positive and ||5|| < 1, if T is an operator monotone function defined for positive 
operators (for example, T{a) — ap ,p> 1) then 

(3.17) b*T{a)b < T{b*ab). 

This is the so-called Hansen's inequality (see |9]). In particular, we have 

(3.18) b*ab<{b*aPb)p. 

Theorem 3.6. (i) Let I < p < 2. We have fh f as h ^ for any 
f £ LP{L'^{R)(g)M). 

(n) Let2<p<oo. We have fh"^ f ash^O for any f G LP {L°^ (R) M) . 

Proof, (i) Without loss of generality, we can assume / selfadjoint. For any given 
/ € LP{L°°{R) ® M) and e > 0, choose /" = J2k2i ^k^k, where Xk e S^i and 
where (/Sj, : R — > C are continuous functions with compact support, such that 

(3.19) iii/-/"nii = ii/-rii^<(^)^|r- 

Choose ef „ G ^(^"^(R) ® M) such that 

:i - ^U) < |r and \\eUf- " fl'elj,^^^^^^ < {^7- 

Set ef = A„ef „. We have r (Ki /(I - ef ) < e and by l|3.18(l . 

l|e!(r-/)ef|L^(«)«^ < ||ef|r-/|ef|l^. 

< \\4\r-.f\'4\\t 

(3.20) < ^, Vn>l. 
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On the other hand, by (|3.8(l and H3.19|l we can find a sequence (e2_„)n>o C V{L°° (I 
M.) such that 

e 



(1 - e%n) < 



1 



< ili-y, V/ieK+xI 



(3.21) ||el„(|,r-/r),4„||^„ 
Set e| = A„e| „, we have r (g) /(I - e|) < e. By (jXTB|l . (|XTB|) and 

I|s2(/h ~ /'i)62|Il°°(R)®A1 — 11^2, n(l/ ~ / 1 )'iS2,n 1 1 (jj)^^ 



< 



4n(l/"-/r)^2 



(3.22) 



< — , Vn>0,/ieM+xI 
2" ~ 



Recall that by the classical Lebesgue differentiation theorem, 

lim IIV'/i-'^lloo = 

if : M Cis continuous with compact support. Then by the choice of /„ we 
deduce that 

lim||/^'-riL.= (M)«M=0,Vn>l. 

Let e*^ = ef A el, then t (g) J(l — e'^) < 2e. For any n > 0, choose Sn > such 
that II//; - ./"lloo < ^ fo'' any /i e M+XM+ such that hi + h2 < Sn- Then, for any 
/i e M+xM+ such that hi + h2 < Sn, 

< \\eur - iVA^ + ii/;i' - riu + iie^2(/;i' ~ A)e^2iioo 

3 



< 



2" ' 



Thus lim/i^o l|e'^(//i — /)e'^|loo ~^ 0- This completes the proof of (i). 

(ii) The proof of (i) works well for the part (ii) of the theorem with some minor 
changes. Let (/")jigN and ef,e2,e'^ be as above. Since p > 2, instead of H3.20|l . 
(E211, by (|XTB|) and l|TT5|l we have 



(3.23) ||ef(r-/)||^ = 
and also 



^A\r - fl'el l < \\el\r - fl^elWl < -, Vn > 1; 



I „e I j"Ti f |2 e II 2 
e2|j/i - Jh\ 62 I 



< m{\r-f\%4 j 



1 



(3.24) 

Then we can conclude as in the proof of (i). | 

Theorem 3.7. (i) Let 1 < p < 2, f e Lp{L° 
u, y) f asT 3 (u, y) 0. 

(ii) Let 2 < p < oo J e LP{L°°{R) (E) M). We have /(• + u,y) "-^ f as 
T3{u,y)~>0. 



M). We have /(• + 



38 



3. THE MAXIMAL INEQUALITY 



Proof. We can assume / > by decomposing / into four positive parts. Given 
e > 0, let /", ef „, ef {i = 1, 2) be as in the proof of Theorem 3.6. We use the same 
notation /" for the Poisson integral of /". It is easy to see that 

hm ||/"(.+«,y)-/"||^^0, Vn>0, iu,y)er 
Let = ef A 63. For any n > 0, choose y„ > such that 

for any (u, y) € F, |u| + j/ < To prove (i), from H3.20|l . H3.22|l we have, for any 
{u,y)eT,\u\+y<Yn, 

\\e%fi-+u,y)-fi-))e^\^ 
< \\e%r~f)e^\^ + \\n- + u,y)^n^ 



e'i if ~ r){s)Py{x + u~s)ds)e' 



< 



< 



1 

2" 
2 

2" 



k=0 



4{, 



1 



i/-r 



\x + u-s\<2''y 22('= + 

\f-nds)el 



ds)e' 



2*''y J\x+u-s\<2''y 



^ y^+2^^\Hi\f-nKA\\oo 

k=Q 

2 8 
< — \ — , 

- 2" 2" 

where hk,y = (2'=y - t, 2'=y + e M+ x IR+. Thus 

hm ||e^(/(.+iy,y)-/)e^||^ = 0,Ve>0, 

(«,y)->0 

and then /(• + u, y) / when F 3 {u, y) 0. This is (i). Using and 
instead of 1)3.20(1 and (|3.22l) . we can prove (ii) similarly. | 

Remark. All the results carried out in this chapter can be generalized to the case 
of functions defined on or T". Unfortunately, the relevant constants there will 
depend on n because the constant in Proposition 2.5 of |2U| depends on n. This 
could be corrected if we could find a direct proof for Theorem 3.3. 

Remark. When p = 00^ the corresponding convergence problems discussed in 
this section are still open. 



CHAPTER 4 



The Duality between W and BMO^ l<p<2. 

In this chapter, we describe the dual of ^^(R, A^), which is BMO«(M, A^) {q 
being the conjugate index of p), the latter is the i''-space analogue of BMO space 
already considered in Chapters 1 and 2. These BMO^(R, A^) spaces not only are 
used to describe the dual of 7iP(R, Al) but also play an important role for all 
results in the sequel. In particular, we will use it to prove the map 5* introduced in 
Chapter 3 extends to a bounded map from LP(L°°(R) ® M,Ll{f)) to HP(R, Al) 
for all 1 < p < oo. Consequently, ^^(R, At) can be considered as a complemented 
subspace of Lp(L°°(R) ® AJ,L^(r)). For the most part, our results in Chapter 4 
are extension to the function space setting of results proved for non-commutative 
martingales in (IB] . 

1. Operator valued BMO' (g > 2) 

We will now introduce a useful operator inequality. Let iJ be a Hilbert space 
with the inner product (■,■), let a,b £ B{H), then 

(4.1) \a + b\^< (l+i)|a|2 + (l + l)|6|2,Vt>0,tGR. 

In fact, by Cauchy-Schwartz inequality, we have, for every h £ H, 
{\a + b\^h,h) = {{a + b)h,(a + b)h) 

< (ah, ah) + {bh,bh) + 2{ah, ah)^bh,bh)i 

< {l + t){\afh,h) + {l + ^){\bfh,h)- Vt>0,teR. 

Let (fi e L'i{M,Ll{R,j^)). For h e R+xM+, denote h,t ^ it - hi,t + h2]. 

Let 

^*^^=h;Th'Jj \v{x)-vij''dx 

Set, for 2 < (7 < oo, 

1 

2 

Li {L°°(«.)®M) 

and 

II'i^IIbmo? ^ II'^*IIbmo? • 

It is easy to check by ()4.1|) that IMIbmo' IMIbmo" are norms. Let BMO^(R, Al) 
(resp. BMO«(R,A{))bethespaceofauVe L'i{M,Ll{B., -^)) (resp. L9(A{,L2(R, 
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BMO? 



sup \lpI 

:K+xK+ 
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such that llfpllBMO' < cxD(resp. HipUbmo" < °°)- BMO^r(M, Al) is defined as the 
intersection of these two spaces 

BM0?^(R,7W) = BMOl{R,M) nBMO«(R,Al) 



equipped with the norm 



II^IIbmo?. = max{|l^|lBj^o, ' II^IIbmoJ- 



li q = oo, ah these spaces coincide with those introduced in Chapter 2. And 
a A4 = C, all these spaces coincide with the classical BMO''. As in the case 
of BM0(R,7W), we regard BMOl(R,M) (resp. BM0«(]R,A1), BMO«(R,A^)) as 
normed spaces modulo constants. The following is the analogue for BM0^(]R,7V1) 
of Proposition 1.3. Recall that I^" = (t - 2"-\ i + 2"-^] for t e M and n e Z. Note 
that we have trivially 



(4.2) 



< 



I'^IIbmo? 



L2 {L°°{R)<g)M) 

Proposition 4.1. Let2 < q <oo. Let e BMO^(R, Then 



Li{M) 



\W\\l'>{M,LI{R,^)) ^ c I ||<^|Ibmo? + "Pii 



Moreover, BMO^(R, A^), BMO^(R, A^), BMO^^(R, A^) are Banach spaces. 
Proof. The proof is similar to that of Proposition 1.3. By (|1.12l) we have 



(4.3) 



fc=3 



< n 



s)-ip \'ds + - / \ipis)-ip I'ds) 



1 r 

fc=3 •'^t 

" 1 /■ 

= \^{s)~^ J'ds, Vn> l,te [-1,1]. 



Thus by g21) 



(4.4) 



{L°°(m.)®M) 



<2'^'II¥'IIbmo?' Vn> l,ie [-1,1]. 
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To control ip's L''{M, Ll{R, j^^)) norm by its BMO^ norm, we write 



M 



1 + S2 



■ds 



< 



L2 {L°°{«)(g,M) 
2 



>i^0 -'t /-'t 



< c{ 
hence by (j4.4fl 



oo „ 



22" 



L2(L° 



M 



< < 



n=2 

2" 

n=l 
oo / 2 



7" 



22" 



-ds 



L2 (1,° 



oo ^2 ||,„||2 



L5(A^) n=l 



^ (n + 1) ||(^||bmo? , 

< c > + c 

— / ' on 
n=l ^ 

< CXD. 



n2 ||(^|| 



BMO? 



2" 



L9(M) 



(4.5) 

Thus BMO^(R, is a Banach space. Passing to adjoints we get that BMO^(R, M) 
is a Banach spaces and then so is BMO|?r(IR., A^). | 
Put 

1 



2" 



|Viy9| ydxdy. 



Lemma 4.2. Lef 9? e BMO^(M,X) (2 < g < 00). Then3c > such that 



sup|A(^"'# 

nGZ 



< c||(p|Ibmo? 

L3(L°=(R)®M) 

Proof. The proof is similar to that of Lemma L4 but more complicated. For 

/t c ^, 1, c 11^, wiiuc ^ — ■ -I- ' _L ' ...i^ ■ 

'/'2'* = {f- ^'^^ "^3'* = 'Pi^+^- Set 

1 



any n e Z, t e M, write (p = 1^9"'*+ </?2'* + Va'*: where 1^9"'* = ((/? — 



\".#r 



Thus 



sup|A¥>"^#| 



2" 



< 2 



I \ " 

sup 



",#i 



L2 (L°o(R)(8A1) 



sup I A, 



",# 

2 
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We treat A"''^ first. Arguing as earlier for H1.19|l . by the Green theorem we have 



T(Il' 



Therefore, 



< 



1 /■"'"°° 

supl:^ / \'PV\'^ds\ 

nel ^ J-oo 



L7(L°°(R)®A1) 



L2 (L = 



L^(L°°(R)i8)A1) 



(4.6) 



< 211^11 



BMO? 



To deal with Aj'^, we note that 



|VP,(x-s)p< 



< 



4(a; - s)4 ~ 24("+'=) 
Let Ak = j^+k+i/jn+k^ ^j^g^ frrail . fTTTt and (gSl 



1 

2" 



+ 00 



|V / Py{x — s)lp2 {s)ds\ ydxdy 



^ ^ II [III \^Pyi^~s)\'2''dsf2 I ^\^ris)\'dsy] dxdy 

^ |r // ^l^-^i^^A^dsydxdy 
T(/;') '==iAfc 
c °° f 2 

- ^12 ^i\^-Vi'^+^+A^ + \^i'^+^+^-'Pi^+A^)ds 

1 r Q ^ 2fc f 

fc=i r fc=i i=i "^^t 
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where 



°° 1 f 

I — 1 ^ — 1 It 



k=l i=l 

Xn.Yn are estimated as follows. For Xn we have 



sup \Xn\ 



L2 (L~(R)®A<) 



"6^ 1.-1 ^ 



E 



1 1 



— ipj,t+k+i pdsj 



L2 (L°°(R)®A1) 



< 



OO ^ 



fc=l 



2fe 



Li{L° 



< 2||(p||bmo? 
On the other hand, 



sup \Yn\ 



k=l 4=1 



sup - — : . , 

neZ ^ J/" 



L3(L°=(R)®A1) 



fc=i 



BMO? 



= 6|1(/3||bmo? • 
Combining the preceding inequalities we get 



sup|A;:fl 



BMO? 



L2{L° 



which, together with H4.6|l . yields 



sup \\if 



< cl 



Set 



L2{L° 



1 



BMO? 



Notice that for every h e R+ x R+ there exists n G Z such that (t — /ii , t + ^,2) G ^" 
for every i e R and 2" < 4(/ii + /i2), we have 



(4.7) 



ll^ll 



BMO? 



< 



sup (p* 



<M 



L2{L° 



BMO? • 
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Lemma 4.3. The operator ^ defined in Chapter 2 extends to a bounded map 
from i«(L°°(R) (E)M,Ll{f)) (2 < g < oo) mto BM0^(M,7W) and there exists 
Cq > such that 

(4-8) II*(^)IIbmo? ^ ||/i|Il<j(l<-(r)«ai,l2) • 

Proof. The pattern of this proof is similar to that of Lemma 2.2. One new thing 
we need is the non-commutative Hardy-Littlewood maximal inequality proved in 
the previous chapter. 

Let S be the family of functions introduced in the proof of Lemma 2.2. Since 
S is dense in L«(L°°(R) (g)7W, L^(f )), we need only to prove ||33J) for all h€S. Fix 
heS and set (p = ^{h). Then ip e L'i{M,Ll{R, j^))- Let u e M and n € Z. Set 

h^i{x,y,t) = h{x,y,t)x^^+i{t), 
h^{x,y,t) = h{x,y,t)x^^^+,^^it) 

and 

/ + 00 /• /• 
/ / Qir^h^dydxdt, 

°° r 

where 

Qis[x,y,t) = ^ j Qy{x + t-s)ds 
(recall that Qy{x) is defined by H2.2() as the gradient of the Poisson kernel). Then 



^fN < ±I^J^{s)-Bj.\'ds 



2" Jj^'Jn^^^) 



< I \ I I I {Qy{x + t- s)~Qi^)hdxdydt\^ds 



r 

+ 00 



lylx + t- s)h1dxdydt\^ ds 



= + ^ j I j Qy{x + t- s)hdxdydt\'^ds 

Recall that, as noted earlier in (|2.5|l . 

|Qj,(a; + t - s) - Q/^^ pdxdy < c22"(t - u)-^ 



for t e and s € J^^. By (fTTIjl . we have 

An ^ jj{Qy{^ + t-s)-Qiz)^dxdydt\'^ds 



< I c2^"(t-u)-^dt / {t-u)-^ 1 1 \hYdxdydt 

= c2" ^ (i-w)"^ // \h\^dxdydt 
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Then, for any positive (a„)nez such that ||l]fcgz a„||^(a)/|.^^ 



< 1, 



/ + 00 
if* {u)an{u)du 



< y tI c2" / {t-uy^ 1 1 \h\'^dxdydtan{u)du 

-OO (/„ ) ^ 



A + B 



+ 00 



2" 



j{x + t — s)hdxdydt\^dsan{u)du 



By the non-commutative Holder inequahty, 



A ^ cT {t-u)-^an{u)du 1 1 \h\''dxdydt 



< 



J I \h\^dxdy 



L2 {L°^ {«.)®M) 

+ 00 



< \\^\\li(L'=^{K)®MXI{T)) 



y c2" / {t-u)-^an{u)dt 

^r-^ 1 ^ + 



nGZ k—n t 



L<2)'(L»°(R)®A4) 



Let us estimate the second factor in the last term. By ()3.5|l. 



E E 2-y 



E^ E ^«"(-)^ 



^ E E 



k(^Z n— — OO 



< C„ 



L<f ''(L~(R)(8A1) 
< Co. 



L<3''(L~(R)«)M) 



Thus 



A < Cq |l/j|li:,g(Loo(R)^_A4_z,2) ■ 
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For the term B, by H3.5(l . H1.10|l and Cauchy-Schwartz inequality, 



< 



= E 
- E 



2" 



+ i — s)hdxdydt\'^ dsan{u)du 



sup (r 



llL2(i:,cxj(K)®A4)- 



ll/llz,2 



sup (r 



L-'(i°°(R)®A1)' 



= 1 J/, 



+ t — s)han {u)dxdydtf {s)ds)^ du 
han (u)V/(i + X, y)dxdydt)^du 



E / on 



I ft. P a„ {u)dxdydtdu 



< II // Iftl^dxdyll , 



L2 (L°° 

< ll''-|lL5r(L°°(R)®A4,L2) 

Thus 

" .#1 



E^ [^aniu)du 



!,(§)' (Loo (R)®A<) 



< Cg\\h\\ 



Li{L'=°{K)(SM,Ll 



and then 



L2 (L° 

l*('i)llBMO? < Cg \mLi{L°°{R)«,MX^) 



Remark. It seems difficult to define non-commutative BMC for q < 2. 

2. The duality theorem of HP and BM0''(1 < p < 2) 

Denote by H^o(M,7W) (resp. H'^.^iR, M)) the functions / in HP{R,M) (resp. 
nP(m,M)) such that / e LP{M,Ll{R,{l+t^)dt)) (resp. Lp(A^, ^2(^^(1+^2)^^)) 
and / fdt = 0. Set 

It is easy to see that H^q(M, M) (resp. H^q(K, A^), 'W^^g(M, Al)) is a dense subspace 
of HP(M,7W) (resp. ^^(R, n'^^„(R,M)). By Propositions 1.1 and 4.1, J^^ip*fdt 
exists as an element in L^{M) for any ip e BMO^(M, TW) and / G ^^^(M, AI) . 

Theorem 4.4. Let 1 < p < 2, g = Then 

(a) {Ti.P{R,M))* = BM0^(M,A1) with equivalent norms. More precisely, every 
if G BMO^(Al) defines a continuous linear functional on Ti.P{R,A4) by 

/ + OC 
-oc 

Conversely every I G (Ti.P{M.,M))* can be given as above by some ip G BM0^(M,A1) and 
there exist constants c, > such that 
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Thus {liP{M.,M))* = BMOl{R,M) with equivalent norms. 

(h) Similarly, (HP(M,A1))* =BM0«(R,7W) with equivalent norms, 
(c) {W„{9.,M))* = BMO«^(R, with equivalent norms. 

Proof, (i) Let ip G BMO^(K, M) and / e Hl^i^, M). As in the proof of Theorem 
2.4, we assume and / compactly supported. Let Gdf) and Sdf) be as in the 
proof of Theorem 2.4. Similar to what we have explained there, Gc{f)(x, y) can be 
assumed to be invcrtiblc in ^A for every (.x, y) G K^. By the Green theorem and the 
Cauchy-Schwartz inequality (see the corresponding part of the proof of Theorem 
2.4 to see why the Green theorem works well), 

/ + 00 /.CO 
/ V<p*Vfydydx\ 
-oo Jo 

^+00 poo 



/-hoo poo 
/ GP-\f){x,y)\Vf\\x,y)ydydx)^ 
-00 Jo 

/+00 poo ^ 
/ Sl-^{f){x,h\Wv?ydydxf^ 
-00 Jo ^ 



= 27 • 77 

Noting that GP-^{f){x,y) < GP-\f){x,0) , we have 



/ -GP-\f){x,y)^ll{x,y)dydx 

-00 Jo oy 



-00 Jo 

oo /'OO 



00 Jo 



{-GP-\f){x,y)^^^G,{f){x,y) 



-GP-\f)^^^{x,y))dydx 



/-\-00 f-OQ 
/ -GP-^{f){x,y) 
-00 Jo 



dGcif) 



< 2t 



< 



-00 JO 9y 

+ 00 poo 



dydx 



00 ^0 
+00 



-GP-Hf){x,0)^^^{x,y)dxdy 



/-I- 00 
GP{f){x,0)da 
-00 

/> + oo 
SP{f){^)dx 
-00 



6 11/11?,. 



Define 



S''{x) = Sl-P{f){x, 2'=) - Sl-P{f){x, 2'=+!), Mx e M. 
Then G X) is positive. Note that (§)' = Moreover, 

= (5'=(x'),V(i - 1)2^ <x,x' < 

00 

5\x) = Sl-P{f){x,0) 
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Arguing as earlier for Theorem 2.4, we have 

f + OC 



/-hoc ^ r 

^ V5^{x)- IV^I^ 



< 3r 



+ 00 



E 

i=-oo ■ 



t+2^ 1-2' 



'ydydx 



\S7 Lp\^ydydx 



] = -oo 

hence by (|3.2(l and Lemma 4.2 



24r ^ / <5^(t):^ / / \Vv?ydydxdt 



ir < 24 



] = -oc 



sup 



2J+3 



t-2J Jo 



\Wip\'^ydydx\ 



< c|!/||^/||¥'|Ibmo? 



Combining the preceding estimates on I and II, we get 

Mf)\<cM\ 

Therefore, lip defines a continuous functional on Ti.'^ of norm smaller than c || V^H bmo' • 

(ii) Now suppose / G {Ti-cY ■ Then by the Hahn-Banach theorem / extends to a 
continuous functional on LP{L°°{M.) (g) A4, Ll(r)) of the same norm. Thus by 

{LP{L°°{m.) (g) M,Ll{f))y = L«(L°°(R) (g) M, L^(f )) 

there exists h £ L'^{L°°{m.) (g)M,Ll(r)) such that 



and 



L9(L°°(R)(»A^,L2(r)) 



l{f) 



W h*{x,y,t)h{x,y,t)dydx\\ II 



L2 (L°<'(M)(g,M) 



Let 

(4.10) 

Then 



+ 00 

// h*{x,y,t)\/ f{t + x,y)dydxdt 

oo J J 

r 

+ 00 

^*{h)f{s)ds. 

-OO 

ip = ^(h) 

r + oo 

l{f)=r V*{s)f{s)ds 
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and by Lemma 4.3 ||</3||bmo? ^ This finishes the proof of the theorem con- 

cerning T-fP and BMO^. Passing to adjoints yields the part on TCP and BMO'. Finally, 
the duality between Ti^^ and BMO^^ is obtained by the classical fact that the dual 
of a sum is the intersection of the duals. | 

Corollary 4.5. e BMO^(M, Al) if and only if 



sup |A</3 



and there exist c, c„ > such that 



< oo 



L2{L° 



C<7 II'^IIbMO? ^ 



SUp|A(p"'# 

nGZ 



<c|l^| 



L2 (L = 



BMO? 



Proof. From the proof of Theorem 4.4, if ip is such that 



sup 



IA"'#| 



< CXD. 



L2 (L°° {R)(g>M) 

then (fi defines a continuous linear functional on H^q hy — t f* fdt and 



< c 



sup 



Li{L° 



and then by Theorem 4.4 again, there exists a function ip' eBMOf (M, A1) with 



II'^^'IIbmo? — ^1 ll^y ll(wp) 



< Co 



sup A 



V 



L2 (L°°(R)®A1) 



such that 



+ 00 



ip*fdt = T 



^'*fdt. 



Thus p eBMO«(R,A^)and \\p\\lMOi ^ 



Sup„ A 



this with Lemma 4.2, we get the desired assertion. 



L2 {L°° {R)(S>M) 



Combining 



Now we are in a position to show that as in the classical case, the Lusin square 
function and the Littlewood-Paley g-function have equivalent L^-norm in the non- 
commutative setting. The case p = 1 was already obtained in Chapter 2. 



Theorem 4.6. For f e HP{R,M){resp. ^^(R, Al)), l<p<oo, 



(4.11) 
(4.12) 



sM|Gc(/)||p< ||5.(/)||^<Cp||Gc(/)||p; 
sM|G.(/)||p< ||5.(/)||p<c,||G,.(/)||p. 



Proof. We need only to prove the second inequality of H4.11|l . The case of p = 2 
is obvious. The case of p = 1 is Corollary 2.7 and the part of 1 < p < 2 can be 
proved similarly by using the following inequality already obtained during the proof 
of Theorem 4.4 



<c||^||bmo? llGc(/)||Jll^c(/)|i; 
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(g) M) with ||g||(£y < 1. By 



For p > 2, let g be a positive element in (7^°° 
(|^ and we have 



\Vfix + t,y)fdxdyg{t)dt 



1 



< 4 



< 4 



|V/(x,2/)|'2/- / g{t)dtdxdy 
y Jx-v 

+00 „2 



„ +00 „2" -, ^2;+2" 



|V/(a:,y)|V2/ 



sup 



2»+i 



x+2" 



g{t)dt\ 



X-2-" 



L2 (L°°(R)i8)X) 

< Cp||G,(/)||^ 

Therefore, taking the supremum over all g as above, we obtain 

||5.(/)|!^<Cp||G,(/)||^. I 

3. The equivalence of W and BMO''(g > 2) 

The following is the analogue for functions of a result for non-commutative 
martingales proved in jl6| . 



Theorem 4.7. HP(M,7W) = BMO^(M, 7W) with equivalent norms for 2 < p < 

00. 

Proof. Note that for every ip G nP{R,M) and every g e n'P'{R,M) {p' = ^) 
'^g{x + t, y)\7ip*{x + t, y)dxdydt\ 



< II V.g(x + t, y)\\ Lp' (^L^ (s.)(g,M,Ll{f)) W'^'^i^ + y)\\LP{L°°{R)<S)M,Llif)) 

< ll.9ll^P' ll<y5|lT^? ■ 
Then by Theorem 4.4 

(4.13) 



IIv'IIbmo? ^ sup |r / gip*dt\ < Cp ||(^||^p . 

To prove the converse, we consider the following tent space T^. Denote 
(M2^,il|^) X ({1,2},(t) with a{l}^cr{2} = 1. For / G LP {M , Ll{m^_^)) , set 

Mim^ifl \f{x + t,y)\'dx^)i. 



y 



\x\<y 



Define, for 1 < p < 00, 

(4.14) -{/eiP(X,L2(i|))J|/||^, ^||A,(/)||^,(^^(j,^^_^^ <oo}. 
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We will prove that, for p> 2 and ip G BMO^(M, Al), ip induces a linear functional 
on defined by 



IviD^T / ^'P*{x,y)yf{x,y)dxdy/y 

J J Rl 

and 

(4.15) II^II^P < Cp \\l^\\ < Cp IMbmo^^ ■ 

We first prove the second inequality of 1)4. 15|) . Set 



Ac{.f){t,y) = ( J J \f{x + t,s)\'dx^)^ 

s>y,\x\<s-y 

Mf)it,y) = ( // |/(x + t,s)|2dxj)i 

s>y,\x\<^ 



It is easy to see that 



(4.16) Alimt^y) < Al{m,0)<Al{f){t), 

(4.17) Al{m + x,y) < Alim,^), y\x\<lit,y)e 



For nice / and by approximation, we can assume Ac{f)(t,y) is invertiblc for all 
{t, y) G Mi. Thus by Cauchy- Schwartz inequality 



W) ^^11 f{t,y)^^*{t,y)ydt^ 

J J ml y 

< (r II AP:-\m,^)\f\'ydt^)HT II Al-P'im,l)\V^\^ydtdy)i 

= I 11 



Similarly to the proof of Theorem 4.4, we have 



/^'<c||¥'IIbmo? 11/11^.7' 
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4. THE DUALITY BETWEEN Ti." AND BMO", 1 < p < 2. 



Concerning the factor /, by (|4.17|l we have (recall p' — 2 < 0) 

I' < T jj2j'^^^'X'\f){x,v)dx\f{t,v)\^dt'^ 



2 

< -2rJJX-\f){x,y)^^l^{x,y)dydx 
= -4rllAi-\f){x,y)^^{x,y)dydx 

< -4r / A:'-\/)(x,0) / ^^^{x,y)dydx 



Thus 



(4.18) ll^^ll <c|1^|1bmo?- 

Next we prove that ||<y5||^p < Cp \\l^\\ . Since we can regard as a closed subspace 
of LP' {L°°{R)^M, LI{R\)) via the map /(a;, y) f{x,y)x{\x-t\<y}- l^p extends to 
a linear functional on (i°°(M) (g) Ai, L^(R^)) with the same norm. Then there 
exists /le Lf(L-(R)®A4,L2(]iJ )) such that WH < ||?^|| and 



^vif) ^ I J J fix,y)h*ix,y,t)dx^dt 

\x-t\<y 

T II fi^^y) I h*{x,y,t)dtdx^. 

J x—y y 



for every /(x, y) ^TJ! . Thus 



(4.19) Vv{x,y)y^- / h{x,y,t)dt 



y Jx 



x+y 



-V 
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Then 



1 



x+s+y dy p 2 

h{x + s, y, t)dtf dx—)^ ds)p 



r 

< [iff - \h{x,y,t)\'dtdx^)Us)l 

Jr J J y J s-2y y 



y J x-\-s — y 
^s+2y 

's-2y 



r r I fs+'^y 

- \h{x,y,t)\^dtdx^ 

J J y Js-2y y 



Notice that, for every positive a with 1 1 all 
have 



L 2 (L°° (K)^A4) 

< 1, by and we 



dy 

\h(x, y, t)\'^ dtdx ^ a(s)ds 

y Js-2y y 



< 8t 



< 



\h{x,y,t)\'' 

E 



t+2y 



' n— — oo 



y Jt-2y 

\h{x,y,t)\^dx 



a(s)dsdx-^dt 



2,Jy 1 



y2 2"+! 



t+2" 



a{s)dsdt 



J J \h{x,y,t)\'dx^ 



sup 



^ Jt-2" 



i+2" 



a{s)ds\ 



(L°° (l)8lA1) 



< 



Cp\\h\\ 



L 2 (I,°°(R)8A1) 

2 



lj'(l=°(r)®ai,l2(r2 



< 



Cp ll^iplj 



Therefore by taking the supremum over all a as above, we obtain 

M\np < Cp 
Combining this with 14.18|l we get 

WfWn^ - II'pIIbmop • 

And then ||<(5||^p i2 ||(/3||bmo? for every ip G TiP{R,M). 

To prove BMOJ?(R, A^) and 7i^(R, A^) are the same space, it remains to show 
that the family of ^tvi -simple functions is dense in BMO^(R, A^). From the proof 
of Theorem 4.4 we can see that for every ip e BMO^(R, there exists a h E 
L°°{L°°{R)<»M,Ll) such that ip = ^{h) and ||*(/i)||bmo? < c||/i|Lp(l~(r)«ai,l2) ■ 
Recall that the family of "nice" /i's(i.e. h{x,y,t) = J27=i''^ifii^)XAi with nii G 
SMj^i G r,|Aj| < oo and with scalar valued simple functions fi) is dense in 
LP(L°°(R)(g)7W,L2). Choose "nice" K ^ h in Lp{L'^ {R)(g>M, L^). Let ^„ = ^{K). 
Then 1^9 in BMO^(M, At). Since the (fi^s are continuous functions with 

compact support, we can approximate them by simple functions in BMO^(R, Al). 
This shows the density of simple functions in BMO^(R, M) and thus completes the 
proof of the theorem. | 
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4. THE DUALITY BETWEEN Ti." AND BMO" , 1 < p < 2. 



Remark. By the same idea used in the proof above, we can get the analogue of the 
classical duality result for the tent spaces: (T|?)* = (1 < p < oo) with equivalent 
norms, where is defined as (|4.14|l . 

Theorem 4.8. (i) ^ extends to a bounded map from L°'°{L°°{R)®M, Ll{f)) 
into BM0c(M,7W) and 

(4-20) II^WIIbmo. < c||/i|Il~(l~(m)«m,l^) 

(a) * extends to a bounded map from LP{L°^{R)'g)M, Ll{f)) into nP{R,M) 
{I < p < oo)and 

(4-21) II^WIIw? < Cp \\h\\LP^L-^M)(SM.m ■ 

(Hi) The statements (i) and (ii) also hold with column spaces replaced by row 
spaces. 

Proof. (|4.20|l is Lemma 2.2. The part of (|4.21|l concerning p > 2 follows from 
Lemma 4.3 and Theorem 4.7. For 1 < p < 2, by the duality between Ti^ and 
BMO!?, and Theorem 4.7, we have 



\'^ih)\\j^p < c sup 



< sup 

II/IIk2<i 



sup 

II/IIh2<c 



^ih)is)f*is)ds 



h{x, y, t)VPy{x + t — s)dxdydtf*{s)ds 



h{x, y, t)\I f*{x + y)dxdydt 



(4.22) < c ||/i||^p(^oo(jj^^_y^^^2) • 

When p = 2, similarly but taking Supremum over ||/||^2 < 1 in the formula above, 
we have||«'(/i)||^2 < ^^2(^1^-- ^tsl^^^m.ld ■ 

Corollary 4.9. (7Y^(M, Al))* = H^{R,M) with equivalent norms for all 1 < 
p < oo. 



CHAPTER 5 



Reduction of BMO to dyadic BMO 

Our approach in Chapter 3 towards the maximal inequahty is to reduce it to 
the corresponding maximal inequality for dyadic martingales. In this chapter, we 
pursue this idea. We will see that BMO spaces can be characterized as intersections 
of dyadic BMO. This result has many consequences. It will be used in the next 
chapter for interpolation too. 



1. BMO is the intersection of two dyadic BMO 

Consider an increasing family of cr-algebras ={J^„}„gz on M. Assume that 
each Tn is generated by a sequence of atoms {i^^jfegz- We are going to introduce 
the BMO'' spaces for martingales with respect to T ={T^n&- Let 2 < g < oo and 
e L2(M, ^)). Define 

For ^ e Li{M,Ll{m., ^))(resp. i«(A^, L2(M, j^))), let 

\ 
2 

and IIv'IIbmo'-^ = IIv'IIbmo?'^ • 



II^IIbmo?'^ 
And set 



sup|</'f,. 



BMO^-^(L°°(R)®X) = {^eL«(X,L2(M,^— )), ll^llgj^Q,.. <oo}, 



dt 
dt 



BMO;?'^(L°°(R)0X) = {^eL\M,Ll{R,^^)), M^^^,^. <^}. 

Define BMO^;,-^ to be the intersection of BMO^"^ and BMO^"^ with the intersection 
norm max{||(/?||gj^Q<,,^ , ||(/3||gjy[Q<j,^}. These BMO' spaces were already studied in 
|16| for general non-commutative martingales. 

In the following, we will consider the spaces BMO^'^ {L°°{R)(g)M), BMO'''^' {L°° 
M), BMO«'^(L°°(R)0A1), BM0«'^'(i°°(K)(»7W) etc. with respect to the families 
of dyadic cr-algebras defined in Chapter 3. 

Theorem 5.1. Let 2 < q < oo. With equivalent norms, 

BMO«(M,X) = BMO«'^(L°°(R) ® 7W) nBM09'^'(L°°(M) ® 
BMO«(M,A^) = BMO«'^(L°°(R)«) Al)nBM0^^'^'(L°°(K)®7W); 
BM0?^(R,7W) = BMO«;^(L°°(R)® Al)nBMO«-^'(i°°(M)® 
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5. REDUCTION OF BMC TO DYADIC BMO 



Proof. From Proposition 3.1, Vi £ R, ft, G M+ x R+, there exist h^h, Nh e Z such 

„ I < 6(fti + /12) 



that Ih^t ■— (t — hi,t + ^2] is contained in d'^'^ or -D^* '' and 



If C D 



then 



1 



< 



< 



hi + /i2 
4 

hi + /i2 
24 



t + /l2 



IV'ix) - ¥'^'=t.h I dx 



\D 



< 24^L(0- 



Similarly, if Ih,t C D^"^ , then 



Thus 



IV'IIbMO,! 



sup \ipt 
?iGR+ xR+ 



< V24 



sup|(v?S„+¥'^')l 

n " 

< 4%/3max(||^||B]^o,,i, , \M^^^,.-d' )■ 
It is trivial that Tn&-yi{\\^\\^^^,.T, , ll<y5||gj^Q,,c' ) < II'pIIbmo? • Therefore 

BMO?(R, M) = BMO?'^(L°°(M) ®M)r\ BMO^'^' (L°°(R) ® M) 

with equivalent norms. The two other equalities in the theorem are immediate 
consequences of this. | 



2. The equivalence of W^^{%M) and iP(i°°(R) ® M){l<p< 00) 

We denote the non-commutative martingale Hardy spaces defined in j27j and 
[TH| with respect to V and V' hy HP''^{L°°{]S.) (g) M),nP''^' {L°°{]S.) (g) M) etc.(l < 
p < 00). Note that 

nl{R,M)^Hl'^{L'^{R)(E)M) = Hl''^'{L'^{M.)(E)M) = L^{L°^{M.)^M). 

By Theorems 4.4, 5.1 and the duality equality (TiP'^ {L°° (R)(g)M))* ^ BMO«'^(L°°(R)«) 
Ai) proved in |16| we get the following result. 

Corollary 5.2. BMO^^(R,A^) = i«(L°^(R) » 7W) with equivalent norms for 
2 < g < 00. 



2. THE EQUIVALENCE OF n^^(R, M) AND L'' (L°° (R) » M){l<p< oo) 
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Proof. From the inequalities (4.5) and (4.7) of |16| we have 

BMO?^^(i°°(K) (E)M)n BMO«'^(L°°(R) (g) M) 
= L''(i°°(M)® M) 

= BMO?'^'(L°°(R) (g)M)n BMO«'^'(i°°(M) ® 7W) 
with equivalent norms. Therefore, by Theorem 5.1 
BMO«,(M,A^) 
= BMO«(R,7W)nBMO«(K,7W) 

BMO«'^(L°°(R) (g)M)n BMO^^'^(i°°(R) O A^) 

nBMO?^^'(L°°(R) (E)M)n BMO«'^'(L°°(]R) ® 7W) 
= i«(L°^(R)® M). I 

Corollary 5.3. // 1 < p < 2, t/ien 

^,X) = 7^P'^(L°°(R)® A^)+7^P'^'(L°"(M)® TW), 

^,X) = H?!'^(L°°(R)(8)X)+H^'^'(L°°(M)®X), 

HJ?^(R,A^) = H^?;.^(L°°(R)(8)A^) + HP'^'(L°°(M)«) Al). 
Ifp > 2, f/ien 

7^J?(K,X) - 7^P^^(L°°(R)(g)A^)n7^P^^'(L°°(K)®X), 

7^P(M,X) ^ 7^P'^(L°°(R)(8)X)nHP'^'(L°°(M)®7W), 

nP^{R,M) = 7^P'^(L°°(R)(g)A^)n7^P'^'(L°°(M)®7W). 

Corollary 5.4. 7iP^(R, A^) = LP(i°°(R) ® A^) with equivalent norms for all 
1 < p < oo. 

Proof. Recall the result 

HP^^{L'^(R.)<S)M) = LP{R,M)^HPi^\L^{R)<»M) 
proved in j27| and 1161 . By Corollary 5.3, for 1 < p < 2, we have 

= HP^^(i°°(M)®M)+7iP'^'(L°^(R)®M) 

+nP''^{L°°{R) ® M) + 7iP^^'(i°°(M) ® M) 
= 7^P'^(L°°(M)® Af)+7^J?'^'(L°°(R)®X) 
= LP(L°°(M)®X) 

and, for 2 < p < oo, 

KP.,{R,M) = np{R,M)nnp{R,M) 

= HP''^{L°°{R)(g)M)nnP''^'{L°°{R)(E)M) 

nnp-'^{L°°{R) (g) M) n np-^' (R) ® Ai) 

= H?;.^(L°°(R)(gAl)nH^'^'(L°°(R)(gAl) 
= LP{L°^(R)(g)M). I 

Remark. In |17j and jl8| . M. Junge, C. Le Merdy and Q. Xu have studied the 
Littlewood-Paley theory for semigroups on non-commutative L^-spaces. Among 
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5. REDUCTION OF BMC TO DYADIC BMO 



many results, they proved in particular, that for many nice semigroups, the corre- 
sponding non-commutative Hardy spaces defined by the Littlewood-Paley g-function 
coincide with the underlying non-commutative L^'-spaces (1 < p < oo). In their 
viewpoint, the semigroup in the context of our paper is the Poisson semigroup ten- 
sorized by the identity of LP{A4). This semigroup satisfies all assumptions of |18| . 
Thus if we define our Hardy spaces 7i^^(]R, A4) hy the function Gdf ) and Gr{f) 
(which is the same as that defined by Sc{f) and Sr{f) in virtue of Theorem 4.6), 
then Corollary 5.4 is a particular case of a general result from |18| . We should 
emphasize that the method in |18j is completely different from ours. It is based on 
the H°° functional calculus. It seems that the method in (18) does not permit to 
deal with the Lusin square functions Sdf) and Sr{f)- 



CHAPTER 6 



Interpolation 

In this chapter, we consider the interpolation for non-commutative Hardy 
spaces and BMO. The main results in this chapter are function space analogues 
of those in |22j for non-commutative martingales. On the other hand, they are 
also the extensions to the present non-commutative setting of the scalar results 
in Recall that the non-commutative spaces associated with a semifinite 

von Neumann algebra form an interpolation scale with respect to both the com- 
plex and real interpolation methods. And, as the column (resp. row) subspaces of 
LP{M'»B{L'^{fl))) , the spaces LP {L°° (R) <^ M , Ll{f )) form an interpolation scale 
also. 

1. The complex interpolation 

We first consider the complex interpolation. 

Let BMOf (L°°(M)® A^) and HP'^ {L°° (R) M) (resp. BMOf (L°°(M) «) TW) 
and HP'^ (L°°(M) M)) (1 < p < oo) be the non-commutative martingale BMO 
spaces and Hardy spaces defined in jl6| with respect to the usual dyadic filtration 
V (resp. the dyadic filtration T>') described in Chapter 3. 

Lemma 6.1. For 1 < p < oo, we have 

(6.1) (BMOf (L°°(K) (E) M),nl^'^{L°°{M.) ® M))i = HP'^(L°°(R) (g) M), 

P 

(6.2) (BMO^(L°°(R)®M),Hi^^^(L°°(M)®M))i = H?!'^(L°°(R) ® 7W), 

P 

(6.3) {X,Y)i= LP{L^{R)(x)M). 

P 

where X = BMO^,(i°°(R) (g M) or L°°(i°°(R) (g M) and Y = H^-^(L°°(R) (E) 
M) or L^{L°°{R)®M). Moreover, the same results hold for BMOf {L°^ (R) ® M) 
and nP'^'iL°°iR)(E)M). 

Proof. For each fc € N and each projection p oi A4 with t{p) < oo, denote 
by H«'^(L°°(-2'=,2'=) ®pMp) the subspace of H?'^(L°°(R) E) M) consisting of 
elements supported on (—2'^, 2*^) and with values in pAip. By dualizing Theorem 
3.1 of ^ we get, for 1 < r < g < oo, 

(H^^^(L°°(-2^ 2*^-) ® pxp),H^^'^(i°°(-2^ 2'=) ® pxp)) _ 

= 7^|^'^(i°°(-2^2'=)(»p^^p). 

Note that the union of aU these {L°^{~2'' ,2'')(EpMp) is dense in W^^{L°^{R)® 
M). By approximation we get 

(6.4|H;^'^(L°°(R) ® M),nr^''^{L°°{R) ® M))n = Wr^^^(L°°(R) ® M) 
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Dualizing (|6.4(l we have 

(6.5) (BMOf(L°°(R)® 7W),H^'^(L°°(M)®7W))r = H«'^(L°°(R) 

Combining H6.4() and H6.5|l we get H6.1|l by Wolff's interpolation theorem (see (33) ). 
The equalities H6.2|1 . H6.3|I and the arguments for the dyadic filtration V can be 
proved similarly. 

Theorem 6.2. Let 1 < p < oo. Then with equivalent norms, 

(6.6) (BMOc(M,M),7i;i(K,7W))i = 7iP(M,7W), 

(6.7) (BM0^(R,Al),7^^(R,X))i = WMM). 

(6.8) {X,Y)i = LP{L°°{m®M). 

where X = BMOcr{R,M) or L°^{L°°{M)®M) andY ^nl^{R,M) or L^{L°^{W)® 
M). 

Proof. Note that 

nl{M.,M) = nl^{%M)^nl:'^'{M.,M). 

Let 2 < g < oo. By Theorem 5.f and Lemma 6.f we have 
(BMOc(R, 7W), 7i:^(R, M))2 
= (BMOf (L°°(R) ®M)C^ BMOf (L°°(R) ® M),nl{M.,M))2. 
C (BMOf (L°°(R)®7W),H?(R,A1))2 n (BMOf (i°°(M) ® 7W),H^(R, 7W))2 

C H«'^(L°°(R)(g)A^)nH?'^'(L°°(M)®X) 
Then by duality 

(6.9) {nl{R,M),nl{R,M))i ^nii^M)- 

The converse of (16 .yf) can be easily proved since the map $ defined by $(/) = 
V/(a; + t,y)xT{x,y) is isometric from?^«'(R,>l) to i«'(i°°(R) « A^,L2(f)) for 
q>l. Thus we have 

(6.10) {nl{R,M).'Hl{%M))2 ^nii^M). 

Dualizing this equality once more, we get 

(6.11) (BMOc(M,7W),H^(M,Al))2 =7^9(R,A1). 

Note that by Proposition 2.1 and Theorem 4.8, is complemented in L''{L°° (R) ig) 
A^,L^(r))(l < q < oo) via the embedding <I>. Hence, from the interpolation result 
(11.31) we have 

(6.12) {ni{R,M),ni{M.,M))i = nl{R,M) 

Combining ()6.1()|l . (|6.11(l and (j6.12(l we get (|6.6|l by Wolff's interpolation theorem 
(see |33| V (|6.7|l can be proved similarly. For (j6.8|l . by Lemma 6.1 and Theorem 
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5.1, 

(BM0cr(K,X),Li(i°°(M)®7W))i 

P 

= (BMOf^(i°°(M) (g) X) n BMO^,'(L°°(R) ® TW), l1(L°°(R) (g) M))i 

P 

C (BMOf^(i°°(M)(»X),Li(i°°(M)(»X))i 

P 

n(BMOf^'(L°°(E) «) A^), Li(L°°(R) «) M))i 

P 

= LP{L°^{R)(g)M) 
On the other hand, since BMOcr(M, Al) D i°°(i°°(R) (g) Al), 

(BMOcr(K,Al),^Hi°°(M)® Al))i 

P 

P 

= LP{L°°{R)(E)M). 

Therefore, 

(BMOcr(M,X), «) AJ)) 1 = LP{L°°{R) ® Af). 

By duahty we have 

(R) ® X) , (R, X ) ) 1 = L^' (M) ® Al ) . 

FinaUy, 

{L°^{L^{R)(gM),nl^{R,M))i C (BM0„(R,A4),W;!^(R,Al))i 

P P 

C (BMO„.(R,AJ),Li(i°°(R)(g)X))i. 

p 

Hence 

(BMOcr(M, A1),H^^(M, AJ))i = i?'(L°°(R) «) AJ). 

p 

Thus we have obtained aU equahties in the theorem. | 

Remark. We know httlc about (BMOc(R, Al), L^{L°°{R) (g) M)i even for p = 2. 

p 

2. The real interpolation 

The following theorem is devoted to the real interpolation. 
Theorem 6.3. Let 1 < p < oo. Then with equivalent norms, 
(6.13) =LP(i°°(R)(gAl). 

p -f 

where X = 'BUOcM,M) or {1°° {R)® M) andY ^nl^{R,M) or L'^{L°°{R)® 
M). 



Proof. By Theorem 4.3 of |22| and Theorem 5.1 we have(using the same argument 
as above for the complex method) 

(BMOc^(M, AJ), Li(L°°(R) M))i „ C LP(L°°(R) ® M). 
On the other hand, for 1 < p < oo, 

{BMO,riR,M),L\L°^{R)®M))i„ D iL°^{L°^ {R) ® M), L\L°^{R) ® M))i „ 

= LPiL°^\R)(E)M). 
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Therefore 

(BMOe,.(M,M),ii(i°°(M) 1 = (L= 

p 'P 

By duality we have 

p 'P 

Noting again that 
{L°°{L°°{lS.)(E)M),nl^{R,M))i„ C (BMO„( 

C (BMOc,.( 

we conclude 

BMOcr(M,X),H;l^(M,X))i „ = {L°° {W) ® M)) 

■a ' " 



]R)(g)7W), l<p<oo. 

')®M), l<p<(X). 

,X),Wi,(M,M))i,p 
,A^),Li(i°-(R)®A^))i 

1 < p < oo. I 



Remark. Very recently, Junge and Musat got a John-Nirenberg theorem for BMO 
spaces of non-commutative martingales (see |15p. By using Proposition 3.1 and the 
duadic trick of this article, they got a John-Nirenberg theorem for non-commutative 
BMO spaces discussed here, which can also be proved as a consequence of the in- 
terpolation results established in this chapter. Unlike the classical case, the John- 
Nirenberg theorem for non-commutative BMO spaces will no longer be the equiv- 
alence of 

' \ f-fI?d^^■ 



sup 

/CM 



M 



for different p, 1 < p < oo. In fact, if = M„ the algebra of n by n matrices, it 
can be proved that the best constant c„ such that 



sup 

ICR 



Mr 



< Cn sup 

/CR 



ipj\dn 



M„ 



holds for (p g BMOj,(M, M„) will be at least clogn as n ^ oo. And the correspond- 
ing constant for M„ valued martingales could be cn^ if no additional assumption 
on the related filtration. What remains true is the equivalence of 



sup sup |/| " \\{f - fl)aXl\\LP(MM) 
lGMT\a\p<l, 



sup sup |/| 

/CKT|a|P<l, 



sup sup {|/| p \\{f - fi)axi\\-np( 
cube /cH'rkl''<i. 



hXlif - fl)\\LP{R,M) 

for different p,2 < p < oo (see Theorem 1.2 of 15 ) and the equivalence of 

LM)} 

for different p, 2 < p < oo. See |15| . j21| for more information on this. 

3. Fourier multipliers 

We close this chapter by a result on Fourier multipliers. Recall that H^{M.) de- 
notes the classical Hardy space on M. We will also need H^{M., H), the on M with 
values in a Hilbert space H. Recall that we say a bounded map M : H^{M^)^H^{M.) 
is a Fourier multiplier if there exists a function m G L°° (E) such that 

Mf = mf, yfeH\R) 

where / is the Fourier transform of /. 
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Theorem 6.4. Let M he a Fourier multiplier of the classical Hardy space 
H^(M.). Then M extends in a natural way to a bounded map on BMOc(K,A^) 
and HP{R, M) for all 1 < p < oo and 

(6.14) ||Af : BMOc(K,Al) ^ BM0c(M,7W)|| < c\\M : H^R) H^{R)\\ , 

(6.15) \\M ■.nP{R,M) ^HP{R,M)\\ < c\\M : H\R) ^ H^{R)\\ . 

Similar assertions also hold for BMOr{R, M), BMOcr{R, M), H'p {R, M) andn'P^{R,M). 

Proof. Assume \\M : H'^{R) ^ H^{R)\\ =1. Let H be the Hilbert space on 
which Ai acts. We start by showing the (well known) fact that M is bounded 
on H^{R,H). Denote by R the Hilbert transform. Recall that ||/||^fi(R — 
ll/llLi(R,if) + W^fh^&.H) ^^"^ ^^^^y f ^ H^iR,H). Denote by {eA}AeA the or- 
thogonal normalized basis of H. Then / = {f\)xeA with fx = {ex, f)&x- Note that 
if / G i?^(M, H) then at most countably many fxs are non zero. Let e = {£n)nen 
be a sequence of independent random variables on some probability space (il, P) 



such that P{en = 1) = P{£n 



-1 



e N. Notice that MR = RM. Let / e 



H^{R, H). Let {A„ : n e N} be an enumeration of the A's such that fx /=0. Then 
by Khintchine's inequality, 



\Mf\\H. 



.,H) 



{{y\MfxSV^ + {y\RMfxSV^)dt 



riGF 



/ / \ Y,£r,Mfx^dP{e)dt+ I I \ J2enMRfxJdP{e)dt 



M{J2er.fxJ 



< c 



dP{e) 



dP{e) 



^ (^\\f\\H^{R,H) 

Therefore, as announced 

\\M : H\R,H) H'^{R,H)\\ < ci. 

Then by transposition 

||M : BM0(M,i7) -> BM0(R,i7)|| < ca; 
whence, in virtue of H1.16|l . 

\\M : BM0c(M,7W) ^ BM0c(K,7W)|| < cs. 

Thus by duality 

\\M : nliR,M) nliR,M)\\ < cg. 
Then by Theorem 6.1 we have 

\\M : HP{R,M) HP(R,7W)|1 < C4. 



Hence we have obtained the assertion concerning the column spaces. The other 
assertions are immediate consequences of this one. | 

Remark. As we have mentioned in the remark at the end of Chapter 2, all the 
results of Chapter 2 can be generalized to the case of the functions defined on R" 
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or T", where T is the unit circle, and the relevant constants will be still absolute 
constants. By Proposition 2.5 of [2Q|. all the results carried out in other chapters 
of this paper can also be generalized to the case of functions defined on M" or T" 
by the same approach as in Chapter 3, 5, 6. Unfortunately, the relevant constants 
there will depend on n because the constant in Proposition 2.5 of |20| depends on 
n. This could be corrected if we could find a direct proof of the non-commutative 
Hardy-Littlewood maximal inequality. 
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